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1. Findthe smallest prime thatis the fiftth term of anincreasing arithmetic sequence, all
four preceding terms also being prime.

Solution:

Letthetermsbep,p 4+ d,...,p + 4d. If dwere odd, consecutive terms would have
opposite parity, so some term other than the first would be even and greaterthan 2 —
impossible. If d were not amultiple of 3, thenp, p + d, p + 2d would cover all residues
mod 3, so some term would be divisible by 3; that term would have to be 3 itself,
forcingp = 3, butthenp + 3d = 3(1 + d) iscomposite. Hence 6 | d.

Withd > 6 the fifthtermis atleast p + 24. Tryingp = 5andd = 6 gives
5,11,17,23, 29, all prime, and no smaller fifth termis possible since p > 5 (the starts

p = 2andp = Jfailas above). The answeris 29.



2. Considerthe parallelogram with vertices (10, 45), (10, 114), (28, 153), and (28, 84).
Aline through the origin cuts this figure into two congruent polygons. The slope of the
lineis %,Where m andn are relatively prime positive integers. Find m + n.

v

Solution:

Congruent pieces have equal area. For any fixed direction, there is only one line in that
direction that bisects the area of a convex figure; because a parallelogramis centrally
symmetric, that line passes throughits center. Thus the required line through the origin
must also pass through the center. Conversely, the 180° rotation about the center
swaps the two pieces cut by such aline, so they are congruent. The centeris the
midpoint of a diagonal:

2 2
= (19, 99).

(10+28 45 + 153)

The line through the origin and (19, 99) has slope ?—g, andgcd(99,19) = 1,som +
n =99 +19 = 118.



3. Findthe sum of all positive integers n forwhichn? — 19n + 99is a perfect square.

Solution:

Supposen? — 19n + 99 = k2. Multiplying by 4 and completing the square gives
(2n — 19)? + 35 = (2k)?, so

(2k — (2n — 19))
- (2k + (2n — 19))
= 35.

The two factors sumto 4k > 0, so both are positive: the factor pairs are (1, 35),
(5,7),(7,5),and (35,1).

Subtracting the first factor from the second gives 2(2n — 19) = 34,2, —2, or —34,
son = 18,10,9,or 1. Eachindeed makes the expression a perfect square (81,9, 9,
81),andthesumis18 + 104+ 9 4+ 1 = 38.



4. Thetwo squares shown share the same center O and have sides of length 1. The
length of ABis §3 and the area of octagon ABCDEFGH is ™ ,where m and n are
relatively prime positive integers. Findm + n.

A —"\B
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Solution:

The whole configurationis unchanged by rotating 90° about O, which cycles the
octagonside ABtoCD, EF,GH,anditis also unchanged by the reflection that
swaps the two squares, which carries those sidesto BC', DE, FG, H A. So all eight
sides of the octagon have the same length, 3—3 .

Segments from O to the eight vertices cut the octagoninto 8 triangles. Each has base
% lying on a side of one of the unit squares, so its height from O is the distance from

the centerto that side, namely %.The areais
143 1 86
2 99 2 99
Since gcd(86,99) = 1,the answeris 86 + 99 = 185.

8



5. Forany positive integer x, let S(z) be the sum of the digits of x, and let T'(z) be
|S(x + 2) — S(x)|. Forexample, T'(199) = |S(201) — S(199)| = |3 — 19| = 16.
How many values T'(x) do not exceed 19997

Solution:

If the last digit of « is at most 7, adding 2 changes no other digit, so T'(z) = 2.

Otherwise there s carrying. If  ends in the digit 8 preceded by exactly m > O nines,

thenx + 2replaces...a9---98by...(a+1)0---00,s0S(x +2) — S(z) =1 —
S—— S——

m m
9m — 8andT'(z) = 9m + 7.If x endsinexactlym > 1nines, thenz + 2replaces

...a9---9by...(a+1)0---01,s05(z +2) — S(xz) =2 — 9mandT(z) = Im —

N—— S——

m m—1

2.
Both carrying families give exactly the values 7, 16, 25, . . . , thatis, 95 + 7forj > 0,
and every suchvalue occurs. So the possible values of T' are 2 togetherwith all 95 + 7.
Requiring 95 + 7 < 1999 gives 5 < 221, whichis 222 values,andT = 2 adds one
more, for a total of 223.



6. Atransformation of the first quadrant of the coordinate plane maps each point (z, y)
to the point (1/z, ,/y). The vertices of quadrilateral ABC' D are A = (900, 300),
B = (1800, 600),C = (600,1800),and D = (300, 900). Let k be the area of the
region enclosed by the image of quadrilateral ABC D. Find the greatest integer that
doesnotexceed k.

Solution:

Follow the fouredges. Sides AB and DCllieonthelinesy = 5 andy = 3z, which
map to thelinesv = % andv = /3 u — rays from the origin at angles 30° and 60°.

Sides AD and BC'lieonx 4+ y = 1200 and x 4+ y = 2400, which map to arcs of the
circlesu? + v? = 1200 and u? + v? = 2400.

So theimageis the part of the annulus between radii /1200 and 1/2400 lying
between the 30° and 60° rays, one twelfth of the full annulus:

30

= 1007 ~ 314.16.

The greatest integer not exceeding kis 314.



7. Thereisasetof 1000 switches, each of which has four positions, called A, B, C, and
D. When the position of any switch changes, itis only from A to B, from B to C, from
C'to D, orfrom D to A. Initially each switchis in position A. The switches are labeled
with the 1000 different integers 2*3Y5%, where x, y, and z take on the values 0, 1, . . .,
9. At step ¢ of a1000-step process, the ith switchis advanced one step, and so are all
the other switches whose labels divide the label on the ith switch. After step 1000 has
been completed, how many switches will be in position A?

Solution:

The switch labeled dis advanced exactly once for each step 2 whose labelis a multiple
of d. The multiples of 2*3Y5% among the labels are the 27'3Y'57 with <z <9,etc,
so that switch advances (10 — z)(10 — y) (10 — z) times. Itreturns to position A
exactly when this countis a multiple of 4.

Writea = 10 — ,b = 10 — y,c = 10 — 2z, eachranging over 1 through 10. We count
the triples where abcis not divisible by 4 : either all three are odd, or exactly one is
even but notdivisible by 4. Among 1, ..., 10there are 5 odd values and 3 values (

2, 6, 10) that are twice an odd number. That gives 53 = 125 triples of the first kind and
3-3-52 = 225 of the second, or 350 in all.

Therefore 1000 — 350 = 650 switches endin position A.



8. LetT bethesetof ordered triples (z, y, z) of nonnegative real numbers that lie in the
planez + y + z = 1. Letus say that (x, y, z) supports (a, b, c) when exactly two of
the following are true: x > a,y > b,z > c.Let S consist of those triplesin T that
support (%, %, %) . The area of S divided by the area of T is %,wheremandnare

relatively prime positive integers. Findm + n.

Solution:

T is the triangle with vertices (1, 0, 0), (0, 1,0), (0,0, 1). Because% -+ % -+ % =1=
T + y + z,whenever two of the inequalitiesx > %,y > %,z > % hold, the third can
hold only on aboundary segment of zero area. So S is, up to measure zero, the union
of the three regions where a specific pair of inequalities holds.

Theregionwithx > % andy > % becomes, after substitutingx = % + andy =

3 +y/,acopyof T withcoordinate sum1 — 3 — ¥ = #,i.e. atriangle similarto 7"
2
withratio ¢ andarea (3)” of 7. Likewise the pairs {z, z} and {y, z} give similar

triangles withratios £ and 1.

Theratio of areas s

som+n=7+ 18 = 25.



9. Afunction f is defined on the complexnumbers by f(z) = (a + bi)z,whereaand b
are positive numbers. This function has the property that the image of each pointin
the complex plane is equidistant from that point and the origin. Given that |a + bi| =
8 andthatb? = %, where m and n are relatively prime positive integers, findm + n.

Solution:

The conditionis | f(2) — z| = |f(z)|forall z,thatis, |(a — 1 + bi)z| = |(a + bi)z|.
Dividing by | z| (for z # 0) gives |a — 1 + bi| = |a + bil,so

(a —1)% 4+ b* = a® + V%,

which forcesa = %

Since |a + bi| = 8,wehavea® + b? = 64,s0b% = 64 — ; = 22 Asged(255,4) =
1,the answeris 255 + 4 = 259.



10. Ten pointsin the plane are given, with no three collinear. Four distinct segments joining
pairs of these points are chosen at random, all such segments being equally likely. The
probability that some three of the segments form a triangle whose vertices are among
the ten given pointsis %’ , where m and n are relatively prime positive integers. Find
m + n.

Solution:

There are (120) = 45 segments, so (445) = 148995 equally likely choices. Two distinct

triangles share at most one edge, so together they use at least 5 segments; hence a
set of 4 segments contains at most one triangle, and the favorable sets are counted
exactly once by choosing a triangle and then a fourth segment:

10
<3> . (45 — 3) = 120 - 42
— 5040.

5040 __ 16
148995 — 473°

The probability is
16 4+ 473 = 489.

alreadyinlowestterms (473 = 11 - 43),som +n =



11.

12.

Giventhat Zzil sin 5k = tan % , Where angles are measured in degrees, and m and
n are relatively prime positive integers that satisfy % < 90, findm + n.

Solution:

Multiply the sum by 2 sin 2.5° and apply 2 sin 5k° sin 2.5° = cos(5k — 2.5)°
— cos(bk + 2.5)°, so the sumtelescopes:

35
2sin2.5° )  sin 5k°
k=1
= c0s2.5° —cos 177.5°

= 2co0s2.5°.

o o .
Hence the sumequals % = cot 2.5° = tan 87.5° = tan % .Since

ged(175,2) = 1and 1—;5 < 90,wegetm +n =175+ 2 = 177.

The inscribed circle of triangle ABC'is tangentto AB at P, and its radius is 21. Given
that AP = 23 and PB = 27, find the perimeter of the triangle.

Solution:

Tangent segments from a point are equal, so the tangent lengths from A, B, C are 23,
27,and some z. Then the sides are 50, 23 + z, 27 + z, the semiperimeteris s = 50 +
z,and Heron’s formula gives area 1/(50 + 2) - z - 23 - 27.

The area also equals s = 21(50 + z). Squaring 21(50 + z) = 1/6212(50 + z) and
dividingby 50 + z gives 441(50 4 z) = 6212,50180z = 22050 and z = %.

The perimeteris 2s = 2 (50 + 2;;‘5) = 345.



13. Forty teams play a tournamentin which every team plays every other team exactly
once. No ties occur, and each team has a 50% chance of winning any game it plays.
The probability that no two teams win the same number of games is % ,Wwheremandn
are relatively prime positive integers. Find log, n.

v
Solution:
There are (420) = 780 games, hence 278 equally likely outcomes. If all 40 win totals are
distinct, they must be exactly 0,1, . .., 39. In that case the team with 39 wins beat

everyone, the team with 38 wins beat everyone except that team, and so on: the
assignment of totals to teams determines every game. Conversely each of the 40!
assignments arises from exactly one outcome, so the probability is 247—% .

By Legendre’s formula the power of 2 dividing40!is20 + 10 + 5+ 2 + 1 = 38.1In
lowest terms the denominator s thereforen = 2780738 = 272 ‘solog, n = 742.



14. Point Pislocated inside triangle ABC so thatangles PAB, PBC,and PC A are all
congruent. The sides of the triangle have lengths AB = 13, BC = 14,and C' A = 15,
andthe tangent of angle PABis “t, where m and n are relatively prime positive
integers. Findm + n.

Solution:

letw = LZPAB = /PBC = ZPCA.Intriangle ABP,the anglesat A and B are w
and B — w,so ZAPB = 180° — B andthelaw of sines gives BP = % In
triangle BCP, the anglesat BandC arewand C — w,so ZBPC = 180° — C and
BP — a sin(C—w) .

sin C'
Equating and substitutinga = 2R sin A, ¢ = 2R sin C yields sin? C sinw =
sin A sin B sin(C — w). Expandingsin(C — w) and dividing by
sin A sin B sin C'sin w,

sin C
sin A sin B

andsincesin C = sin(A + B) = sin A cos B + cos A sin B, the left sideis cot A +
cot B.Hencecotw = cot A + cot B 4 cot C.

= cotw — cot C,

Usingcot A = % andits analogues, where K is the area,
. a® + b + ¢?
cotw =
4K

~ 169 + 196 + 225

B 4-84

~ 590

336

_ 205

168’
since the 13-14-15 triangle has area84. Sotanw = % ,whichisinlowestterms, and

m +n = 168 + 295 = 463.



15. Consider the paper triangle whose vertices are (0, 0), (34, 0),and (16, 24). The
vertices of its midpoint triangle are the midpoints of its sides. Atriangular pyramid is
formed by folding the triangle along the sides of its midpoint triangle. What is the
volume of this pyramid?

Solution:

The midpoints are My = (17,0), My = (25,12),and M3 = (8, 12). Folding the
three corner triangles up along the sides of the midpoint triangle brings the corners
together at one apex () (each pair of glued half-sides has equal length). The apex
keeps its folded distances: Q M; = 17 (half of the side of length 34 that M, bisects),
QM,, = 15 (half of 30), and QM3 = 4+/13 (half of /162 + 242 = 81/13).

Keep the midpoint triangle inthe plane z = 0 andlet @ = («, y, z). Subtracting |Q —
M;3|? = 208 from|Q — M;|? = 225 gives (z — 25)? — (z — 8)? = 17,s0z = 16;
subtracting |Q — Ma|? = 225from |Q — Mi|? = 289 gives 2z + 3y = 68,s0y =
12.Then 2?2 = 289 — (16 — 17)? —122 = 144, so the apexis at height z = 12.

1,

The base is the midpoint triangle, with area one quarter of the original triangle’s 3

34 - 24 = 408, i.e.102. The volume s

%-102-12 = 408.
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