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1. Thenumber

2

3

log, 20006 i log 20006

canbe written as % , where m and n arerelatively prime positive integers. Findm + n.

Solution:

1
log, a

Since

= log,, b, the two terms equal 2 logy0s 4 = logygpes 16 and

10g20006(16 . 125) = 10g20006 2000

1

6

Sinceged(1,6) = 1,theanswerism +n =146 = 7.



2. Apointwhose coordinates are bothintegersis called a lattice point. How many lattice
points lie onthe hyperbolaz? — y? = 200027

Solution:

Factor (z — y)(z + y) = 20002 = 28 . 5%. The factors ¢ — yand x + y have the
same parity, and their productis even, so both must be even. Writingz — y = 2a and
x +y = 2bgivesab = 26 . 55 = 10°.

Each ordered pair of positive integers (a, b) withab = 10° yields exactly one solution
z=a+b,y=>b—awithz > 0,and10%has7 - 7 = 49 divisors, hence 49 such
pairs. Replacing (a, b) by (—a, —b) gives the 49 solutionswithz < 0,andz = 0Ois
impossible since —y? < 20002.

Intotal there are 49 + 49 = 98 lattice points.

3. Adeckof forty cards consists of four1’s, four2’s, . . . ,and four 10’s. Amatching pair
(two cards with the same number) is removed from the deck. Given that these cards
are notreturnedto the deck, let % be the probability that two randomly selected
cards also form a pair, where m and n are relatively prime positive integers. Find m +
n.

Solution:

After the matching pairis removed, 38 cards remain: nine numbers with four cards
each and one number with only two cards. The number of ways to draw a pairis 9 (;1) +
(3) =54+ 1 = 55,0utof (¥) = 703 equally likely draws.

Since 703 = 19 - 37 sharesno factorwith55 = 5 - 11, the probability % isinlowest
terms,andm + n = 55 + 703 = 758.



4. Whatisthe smallest positive integer with six positive odd integer divisors and twelve
positive eveninteger divisors?

Solution:

Write N = 2%m withm odd. The odd divisors of NV are exactly the divisors of m, so
d(m) = 6.Every evendivisoris 2* (for1 < k < a)timesan odd divisor, so there are
a - d(m) = 6a of them,and 6a = 12 givesa = 2.

So N = 4mwhere mis the smallest odd number with exactly 6 divisors. The shapes
are p° (smallest 3° = 243) and p?>q(smallest32 - 5 = 45),som = 45and N = 4 -
45 = 180.

5. Giveneightdistinguishablerings, letn be the number of possible five-ring
arrangements on the four fingers (not the thumb) of one hand. The order of rings on
each fingeris significant, butitis not required that each finger have aring. Find the
leftmost three nonzero digits of n.

Solution:

Choose which fiveringstousein (2) = 56 ways, and order them (reading down the
first finger, then the second, and so on)in 5! = 120 ways. It remains to split the
ordered listinto four possibly empty consecutive blocks, one perfinger: the number
of compositions of 5into 4 nonnegative parts, which by stars and bars is (2) = 56.

Thereforen = 56 - 120 - 56 = 376320, whose leftmost three nonzero digits are 376.



6. Onebase of atrapezoidis 100 unitslonger than the other base. The segment thatjoins
the midpoints of the legs divides the trapezoid into two regions whose areas are in the
ratio2 : 3. Letx be the length of the segment joining the legs of the trapezoid that is

parallel to the bases and that divides the trapezoid into two regions of equal area. Find
2
x

the greatestinteger that does not exceed 15;5-

Solution:

Let the bases be band b + 100. The midsegment haslength b + 50 and splits the
trapezoid into two trapezoids of equal height, whose areas are proportional to the
sums of their parallel sides, b + (b + 50) and (b + 50) + (b + 100). Setting % =
% givesb = 75,sothebasesare 75and 175.

Extend the legs to meet at an apex, creating similartriangles: a segment parallel to the
bases with length £ cuts off a triangle of area cf? for a fixed constant c. The segment of
length z bisects the trapezoid’s area exactlywhenca? — ¢ - 752 = ¢ - 1752 — ca?, so

o T+ 175°

x = 18125.

Then % — 181.25, and the greatestinteger not exceedingitis 181.



Given that

1,1 1
217! 3116! ' 4!15!
- I
514! 613! 712!
1 1 N
- + -

8!11!  9l10! 118!

find the greatestintegerthatisless than %0.

v

Solution:

Multiply both sides by 19!. Each term on the left becomes 7 (113!_k)! = () fork =
2,...,9,while theright side becomes 19N.

since (1Y) = (,42,), the first half of the binomial row sumsto >,_ (1) = 2° — 218

k 19—k k) — 2
i (19) _ 8 (19)
k) \o
k=2
19
1
— 262144 — 20
— 262124.

SO

Hence N = %‘ = 13796, so % = 137.96, and the greatestintegerless than this
is137.



8. Intrapezoid ABCD,leg BC is perpendicular to bases AB and C D, and diagonals
AC and BD are perpendicular. Giventhat AB = y/11and AD = /1001, find BC?.

Solution:
Place B = (0,0), A = (v/11,0),C = (0,h),and D = (d, h), so that BC'is vertical

and BC? = h?.The diagonals give vectors AC' — (—+/11,h) and BD) — (d,h),and

perpendicularity means —v/11d + h? = 0,so0d = %
(u—11)2

Then AD? = (d — v/11)? + h? = 1001. Settingu = h?, this becomes 1t
u = 1001, thatis,

u? — 11u — 10890 = 0.

The positive rootis y = - I21H43500 — 11H209 — 110 50 BC? = 110.

9. Giventhat zisacomplexnumbersuchthat z + % = 2 cos 3°, find the least integer
thatis greaterthan 22000 1 22(1)00 .

Solution:

Fromz + % = 2cos3°wegetz? — (2c0s3°)z+1=0,50z = cos 3° +-isin3°,a
point on the unit circle. By de Moivre’s theorem,
1
2000 _ °
2 +W = 2c0s(2000 - 3°)
= 2cos 6000°.

Since 6000 = 16 - 360 + 240, this equals 2 cos 240° = —1. The leastinteger greater
than —1is0.



10. Acircleisinscribed in quadrilateral ABC D, tangentto AB at P andto CD at Q.
Giventhat AP = 19, PB = 26,C(Q = 37,and QD = 23, find the square of the
radius of the circle.

Solution:

Let the incircle have center I andradius r. The tangent lengths from A, B, C, D are
19,26, 37,23, and I lies on each angle bisector, so the half-angles a, 3, 7y, d at the
fourvertices satisfytana = =,tan 8 = —,tany = 3-,tand = 5, witha + 8 +

19° 267 377 23"
v+ = 180°.
Thentan(a + ) = — tan(8 + d), and the tangent addition formula turns this into
15+ %
2
1 - fo5
r r
_ 26 T 33
2 )
1 — %33
le.
967 49r

703 —r2 2 — 598"

Cross-multiplying gives 5672 — 56 - 598 = 49 - 703 — 4972, s0 1057 = 33488 +
34447 = 67935 and r? = 647.




11. The coordinates of the vertices of isosceles trapezoid ABC D are allintegers, with
A = (20,100) and D = (21, 107). The trapezoid has no horizontal or vertical sides,
and AB and C' D are the only parallel sides. The sum of the absolute values of all
possible slopes for ABis %, where m and n are relatively prime positive integers. Find
m + n.

Solution:

Since all vertices are lattice points, w = ﬁis anintegervectorwith |w| = \ﬁ\ =
v/50,sowis one of (£1, £7), (£7, £1), (&5, i5).Writeﬁ =(1,7) =su+hv
where 1 points along AB and © is perpendicular. Because AB || CD, the vectorw
has the same perpendicular component h, and the equal leg lengths force its -
component to be —s (the value +s gives a parallelogram). Hence (1, 7) — w = 2s ais
parallel to AB.

Discardw = (1, 7) (parallelogram)andw = (—1, —7) (then h = 0, degenerate). The
choicesw = (1, —7)andw = (—1,7) make (1, 7) — w vertical or horizontal, whichiis
forbidden. The remaining eight choices give (1, 7) — w equalto (—6, 6), (—6, 8),
(8,6), (8,8),(—4,2),(—4,12),(6,2), (6,12),withslopes —1, —3,3,1, -1 -3, 3,
2; eachisrealizable by placing B suitably far along .

The sum of the absolute valuesis 1 + % + % + 1+ % +3 + % +2 = %,som—l—
n =119 + 12 = 131.



12. The points A, B, and C'lie on the surface of a sphere with center O andradius 20. Itis
giventhat AB = 13, BC = 14,C A = 15, and that the distance from O to triangle

ABC'is mTﬁ ,Where m, n, and k are positive integers, m and k are relatively prime,
andnis not divisible by the square of any prime. Findm + n + k.

Solution:

The foot of the perpendicular from O to the plane of ABC'is equidistant from A, B,
and C (the slant segments to the vertices all have length 20), so it is the circumcenter
of triangle ABC'. Since 152 < 132 + 142, the triangle is acute and its circumcenter
lies inside it, so this perpendicular lengthis also the distance from O to the triangle
itself.

By Heron’s formulawith s = 21, theareais K = +/21-8 -7 -6 = 84,sothe
circumradiusis R = ¢ — 131415 _ %.The distance from O to the planeiis

4K — 336

\/ 25600 4225

\/ﬁ
8
1555
8

Here gcd(15,8) = 1and95 = 5 - 19is squarefree,som +n + k =15+ 95+ 8 =
118.



13. The equation 20002% + 100z> + 1023 +z — 2 = 0has exactly two real roots, one of

whichis mt‘/ﬁ ,where m,n,and r areintegers, m andr are relatively prime,and r >

0.Findm +n +r.

Solution:
Group the equation as

2(10002° — 1)
+ 2(100z* + 1022 4+ 1) = 0.

Since 1000z® — 1 = (102%)® — 1= (1022 — 1) (100z* + 1022 + 1), the left side
factors as

(100z* + 102> + 1)
(2(102” — 1) + z)
= (100z* + 10z* + 1)

(2022 4 = — 2).

The quartic factoris always positive, so the two real roots are the roots of 20z + = —
—1+/161 m+y/n . —1+4/161
40 IS =10

2 =0,namelyx = . The root of the form ,withm = —1,
n = 161,r = 40,andgcd(—1,40) = 1.Thusm + n +r = —1 + 161 + 40 = 200.



14. Every positive integer k has a unique factorial base expansion (f1, f2, f3,-- -, fm),
meaningthatk = 1! - f; + 2! fo+3!: f34+---+ml!- f,,,whereeach f;isan
integer,0 < f; <4,and0 < f,,. Giventhat (fi, f2, fs, ..., fj) isthe factorial base

expansion of

16! — 32! + 48!
— 64! + - - - + 1968!
— 19841 + 2000,

findthevalueof f{ — fo + fs—fs+--- + (—1)j+1fj-

Solution:

Since (4 + 1)! — i! = i - il telescoping gives a! — bl = 327,14 - i!fora > b. Group
the given number as

16! 4 (48! — 32!) + (80! — 64!)
+ -+ 4 (2000! — 1984!),

with 62 parenthesized groups (325 + 16)! — (325)!forj =1,...,62.

The group for j contributes factorial-base digits f; = i for32j5 < i < 325 + 15, and
the lone 16! contributes f15 = 1; all other digits are 0. Every digit satisfies 0 < f; < 1,
so by uniqueness thisis the factorial base expansion.

Inthe alternating sum, f1g = 1sits atanevenindexand contributes —1. Each group’s

range starts at an evenindex and haslength 16, so it splitsinto 8 consecutive pairs,
each contributing —¢ + (¢ + 1) = 1, for+8 per group. The total is 62 - 8 — 1 = 495.



15. Find the least positive integern such that

1 1
sin 45° sin 46° + sin 47° sin 48°

1
Tt G133 sin 134°
1

sinn°®’

Solution:

Sincesin 1° = sin ((k + 1)° — k°) = sin(k + 1)° cos k° — cos(k + 1)° sin k°,
dividing by sin k° sin(k + 1)° gives

1
sin k° sin(k + 1)°
cot k° — cot(k + 1)°

sin 1°

Sothe sumtimessin 1° equals cot 45° — cot 46° + cot 47° — cot 48° + - - - +
cot 133° — cot 134°, with 4 signs on odd arguments and — signs on even arguments.

Because cot(180° — x) = — cot x and supplementary arguments here have the
same parity, the terms cancelin supplementary pairs: + cot 133° cancels 4 cot 47°,
— cot 134° cancels — cot 46°, and so on for every pair of arguments summing to 180°.
The only survivors are cot 45° = 1 (its partner 135° is out of range) and — cot 90° = 0.

Hence the sumequals 45 — _L1_ sotheleastsuchnis 1.

sin 1° sin 1°?
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