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1. Findthe sum of all positive two-digitintegers that are divisible by each of their digits.

Solution:

Let the number be 10a + bwith tens digit a and units digit b. Since a | 10a + b, we
needa | b,sob = kaforsome positive integer k. Since b | 10a + b,we needbd | 10a,
thatiska | 10a,sok | 10.Becauseb = ka < 9,onlyk = 1,2,and 5 are possible.

Fork = 1thenumbersare11,22,...,99,withsum11 - 45 = 495.Fork = 2theyare
12,24, 36, 48, withsum 120. For k = 5the only oneis 15.

The totalis495 + 120 + 15 = 630.



2. Afinite set S of distinct real numbers has the following properties: the meanof S U
{1} is13lessthanthe mean of S, and the mean of S U {2001} is 27 more than the
mean of S. Find the mean of S.

Solution:

Let S have n elements with mean z, so the elements sum to nx. The two conditions

say
1
nr + 213
n+1
and
2001
u :m+27.
n-+1

Clearing denominators,nx + 1 = (n + 1)z — 13(n + 1) givesz — 13(n + 1) =1,
andnz + 2001 = (n + 1)z + 27(n + 1) givesz + 27(n + 1) = 2001. Subtracting
the first equation from the secondyields 40(n + 1) = 2000,son + 1 = 50.

Thenz =1+ 13- 50 = 651.



3. Findthe sum of theroots, real and non-real, of the equation

2132001 4 (% o w)ZOOl _ O,

given that there are no multiple roots.

Solution:
2001
Expand (3 — )" by the binomial theorem. Its leading term (—z) 200! = —z200!

cancels the z2°! in the equation, so what remains is a polynomial of degree 2000 :

2001 - % 22000

2001\ 1 ;499 B
—( 5 )4:1: +---=0.

By Vieta’s formulas, the sum of the 2000 rootsiis

(20201) 2001-2000

4 _ 8
2001 2001
2 2

2000

= —— = 500.
4



4,

Intriangle ABC, angles A and B measure 60 degrees and 45 degrees, respectively.
The bisector of angle A intersects BC at T',and AT = 24. The area of triangle ABC
canbe writteninthe forma + by/c, where a, b, and c are positive integers, and cis not
divisible by the square of any prime. Finda + b + c.

Solution:

Since ZA = 60° and ZB = 45°,we have ZC' = 75°. Intriangle ATC, angle
TAC = 30° (half of angle A), so ZATC = 180° — 30° — 75° = 75°. Thus triangle
ACT isisosceleswith AC = AT = 24.

Drop the altitude C H to AB. Triangle AC H is 30-60-90,s0 AH = 12andCH =
12+/3.Triangle BC'H is 45-45-90,so BH = CH = 12+/3.

Theareais% -CH-AB= % - 124/3 (12 + 124/3) = 216 + 724/3.Thena + b +
c=216+ 72+ 3 = 291.

An equilateraltriangle isinscribedin the ellipse whose equationis z? + 4y2 = 4.0ne
vertex of the triangleis (0, 1), one altitude is contained in the y-axis, and the length of
eachsideis 4/ % , where m and n arerelatively prime positive integers. Findm + n.

v

Solution:

Since one altitude lies along the y-axis, the other two vertices are symmetric: (x, y)
and (—z,y) withz > 0.The side from (0, 1) to (z, y) makes a 120° angle with the
positive z-axis, soitliesontheliney = —V3z+1.

Substitutinginto 2% + 4y? = 4 gives 22 + 4(1 — +/3z)? = 4, which simplifies to
1322 — 83z = 0,50z = %3,

The side lengthis 2z = %,whose squareis 153 Since ged(768,169) = 1,the

answeris 768 + 169 = 937.



6. Afairdieisrolled fourtimes. The probability that each of the final threerollsis at least
aslarge astheroll preceding it may be expressedinthe form %, where m andmn are
relatively prime positive integers. Findm + n.

Solution:

The rolls must form a non-decreasing sequence. Every multiset of four values from
{1,...,6} canbe arrangedin non-decreasing order in exactly one way, so the
number of successful outcomes equals the number of such multisets. By stars and
bars (4 stars and 5 dividers), that count is (Z) = 126.

The probabilityis 2 = 28 = L som +n=7+172="79.



7. Triangle ABChas AB = 21, AC = 22,and BC' = 20. Points D and E are located
on AB and AC, respectively, such that DE is parallel to BC and contains the center
of the inscribed circle of triangle ABC.Then DE = ™, where m and n are relatively

prime positive integers. Findm + n.

Solution:

Since DE || BC, triangles ADE and ABC are similar, and the ratio equals the ratio
of their heights from A. The line D E passes through the incenter, which sits at height

(the inradius) above BC, so theratiois % = 1 — £, where histhe height from A to
BC.
If K istheareaand s = 2”22& = 6—23 the semiperimeter, thenr = % andh = %,
SO

r 20 20

h 2s 63

Therefore DE = 20 (1 — %) =20- g—g = %,which isinlowest terms, and m +
n = 860 + 63 = 923.



8. Callapositiveinteger IV a 7-10 double if the digits of the base-7 representation of NV
form abase-10 numberthatistwice IN. Forexample, 5lisa 7-10 double becauseits
base-7 representationis 102. What s the largest 7-10 double?

Solution:

Suppose N has base-7 digitsdy . . . didy. The conditionis ) _ d; 10° = 2 > d; 7%, that
is > d; (10" — 2 - ") = 0.The coefficients 10° — 2 - 7' fori = 0,1,2,3are —1, —4,
2,314. Every coefficientfor: > 3is positive and atleast 314. Thus if any digitina
placei > 3 were nonzero, its positive contribution could not be canceled by the two
negative terms, whose total magnitude isatmost4 - 6 + 6 = 30. So IV has at most
three base-7 digits.

Forthree digits the conditionreads 2dy = 4d; + dy. To maximize N = 49d5 +
7dy + dy,takedy = 6,s04d; + dy = 12;thelargestvalue of 7d; + dy comes from
di = 3,dy = 0.

Thus N =49 -6 4+ 7 -3 = 315, whose base-7representationis 630 = 2 - 315.



9. Intriangle ABC, AB =13, BC = 15,andCA = 17.Point Dison AB, Eison BC,
and FisonCA.LetAD =p- AB,BE = q- BC,andCF = r - CA,wherep,q,
and r are positive and satisfy p + ¢ + r = 2 andp® + ¢* + r* = 2.Theratio of the
area of triangle D E'F' to the area of triangle ABC' can be writteninthe form 7, where
m andn are relatively prime positive integers. Find m + n.

Solution:

Each corner triangle’s areais a product of side fractions: [ADF| = p(1 — r)[ABC],
[BED] = q(1 — p)[ABC],and [CFE] = r(1 — q)[ABC]|, using the formula
%xy sin @ on the shared angles. Subtracting,

AR
—q(1—p)—r(l—q)
=1—-(p+q+r)
+ (pqg + qr + rp).
. (2)2-2 4 2 1
From the givenvalues, pq 4+ qr + rp = -2 5 b — 925 = -

L 2 , 1 _ 16
Therefore theratioisl — £ + = = 2,andm +n
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10. Let S be the set of points whose coordinates x, y, and z are integers that satisfy 0 <
x<2,0<y<3,and0 < z < 4.Two distinct points are randomly chosen from S.
The probability that the midpoint of the segment they determine also belongsto S'is
% ,where m and n are relatively prime positive integers. Find m + n.

Solution:

The midpointis alattice point exactly when the two chosen points agree in parity in
each coordinate. Count ordered pairs (allowing equality) coordinate by coordinate.
Forz € {0,1,2} there are 2 evenand 1 odd values, giving 22 4 12 = 5 same-parity
ordered pairs. Fory € {0,...,3}:22 + 22 = 8.Forz € {0,...,4} :3%2 + 22 = 13.

Thatgives 5 - 8 - 13 = 520 ordered pairs, including the 60 pairs where the two points
are equal,so0 520 — 60 = 460 ordered pairs of distinct points, or 230 unordered pairs.
The total number of unordered pairs is (620) = 1770.

e 230 23
The probabilityis 7725 = 7=,

n = 23 4+ 177 = 200.

andsince 177 = 3 - 59, thisisinlowest terms. Thus m +



11.

Inarectangular array of points, with 5 rows and IV columns, the points are numbered
consecutively from left to right beginning with the top row. Thus the top row is
numbered 1 through N, the second row is numbered N + 1 through2/NV, and so
forth. Five points, Py, P, P3, P4, and Ps, are selected so thateach P;isinrow . Let x;
be the number associated with P;. Now renumber the array consecutively fromtop to
bottom, beginning with the first column. Let y; be the number associated with P; after
renumbering.

ltisfoundthatx; = y9, T2 = Y1,23 = Y4, L4 = Y5,and x5 = ys3. Find the smallest
possible value of N.

Solution:

Let P;sitincolumne¢;. Thenz; = (¢ — 1)N + ¢;andy; = 5(¢; — 1) + 4. The five
conditions become

01:562—3,
N—|—CQI561—4,
2N +c3 =5c4 — 1,

3N+C4 - 5(35,
4N+C5 :503 — 2.

Substitutingc; = ey — 3into the second equation gives N = 24¢y — 19.
Eliminating c3 and ¢4 from the last three equations yields 124c; = 89N + 7.
Substituting N = 24¢, — 19 andreducing, 31 | 534cy — 421,i.e.7co = 18

(mod 31), whose smallest positive solutionis ca = 7.

Then N =24 -7 — 19 = 149, and back-substituting gives valid columns
(c1y...,c5) =(32,7,141,88,107), allat most 149. Indeed the corresponding pairs
are (mla y2) — (327 32)7 (w27 yl) — (1567 156)7 (%3, y4) — (4397 439)) (334, y5) -
(535, 535),and (x5, y3) = (703,703). So the smallest possible NV is 149.



12. Asphereisinscribedin the tetrahedron whose verticesare A = (6,0,0), B =
(0,4,0),C = (0,0,2),and D = (0, 0,0). The radius of the sphereis ™, where m and
n are relatively prime positive integers. Find m + n.

Solution:

Connecting the incenter to the four vertices splits the tetrahedroninto four pyramids
of height r overthe faces,so V' = %’I‘S, Le.r = S ,where S'is the total surface area.

Here V = l -6-4- 2 = 8. The three faces on the coordinate planes are right
triangles W|th areasi .- 6.4 =12, 1 +6-2=6,and % -4 -2 = 4.Forface ABC,the

—
cross productof AB = (—6,4,0) and AC = (—6,0,2)is (8,12,24), withlength
4+/22 + 32 + 62 = 28, so that face has area 14.

ThenS =12+ 6+4+ 14 =36andr = 2 = 2, givingm +n =2+ 3 = 5.




13. Inacertain circle, the chord of a d-degree arcis 22 centimeters long, and the chord of
a2d-degree arcis 20 centimeters longer than the chord of a 3d-degree arc, where
d < 120.The length of the chord of a 3d-degree arcis —m + /n centimeters, where
m andn are positive integers. Find m + n.

Solution:

A chord subtending a #-degree arc in a circle of radius R has length 2R sin g. Write
t= g, sothethreechordsare 2R sint = 22, 2R sin 2t, and 2R sin 3t. Using

sin 2¢ = 2sint cos tandsin 3t = sint (4 cos®t — 1), the chords of the 2d- and 3d-
degreearcsare22 - 2 cost = 44 costand 22 (4cos’t — 1).

The condition “the 2d-chord is 20 longer than the 3d-chord” becomes 44 cost =
22 (4 cos®t — 1) + 20, which simplifiesto 44 cos? t — 22 cost — 1 = 0. From this,
4cos’t = 2cost + ﬁ, so the 3d-chord equals 22 (2 cost + 1—11 — 1) =44 cost —
20.

Solving the quadratic,cost =
meanst < 60°,socost > %).Thenthe 3d-chordis44 cost — 20= 11 + /165 — 20
= —9 4 /165, givingm +n =9 4+ 165 = 174.

224y é§4+176 = 1”4”4165 (the 4+ rootsinced < 120



14. A mail carrier delivers mail to the nineteen houses on the east side of ElIm Street. The
carrier notices that no two adjacent houses ever get mail on the same day, but that
there are never more than two houses in arow that get no mail on the same day. How
many different patterns of mail delivery are possible?

Solution:

Write 1 for ahouse that gets mail and 0 for one that does not. Valid patterns are binary
strings of length 19 with no two consecutive 1s and no three consecutive Os. Let 4,,,
B,,, C,, countvalid length-n strings endingin 1, in exactly one 0, and in exactly two Os.
A1 may follow either kind of 0-ending, a single 0 may follow a 1, and a second 0 may
follow asingle O :

A, =B, 1+ Cp1,

B, = A, 1,

C, = B,_1.
Startingfrom A; = By = 1,C; = 0anditerating, the totals 4,, + B,, + C,,run2, 3,
4,5,7,9,12,16,21,28,37,49,65,86,114,151, 200, 265, 351.
Forn = 19the countis 351.



15. Thenumbers1,2,3,4,5,6,7,and 8 are randomly written on the faces of aregular
octahedron so that each face contains a different number. The probability that no two
consecutive numbers, where 8 and 1 are considered to be consecutive, are written on
facesthat share anedgeis %”‘ ,where m and n are relatively prime positive integers.
Findm + n.

Solution:

Pass to the dual cube: the octahedron’s faces correspond to a cube’s vertices, and
two faces share an edge exactly when the corresponding cube vertices are adjacent.
Following the numbers 1, 2,...,8andbackto 1 traces aclosed 8-step circuit through
allthe cube’s vertices, and the requirement is that every step is a diagonal (an edge of
one of the two inscribed tetrahedra, or one of the 4 long space diagonals). There are
16 such diagonals.

Eachvertexlies on exactly one long diagonal, so the circuit cannot take two long
diagonalsin arow, and switching between the two tetrahedrais possible only via a
long diagonal. Hence the circuit uses either 4 long diagonals alternating with
tetrahedron edges, or 2 long diagonals separated by 3-edge pathsineach
tetrahedron. Inthe first case, choosing a pair of opposite edgesin each tetrahedron (
3 - 2ways) gives 6 octagons, each traceable as 8 - 2 permutations: 96. In the second
case, a 3-edge pathin one tetrahedron canbe chosenin 4! = 24 ways, and the return
path through the other tetrahedronis then forced up to 2 choices, giving8 - 24 - 2 =
384 permutations.

S096 + 384 = 480 of the 8! = 40320 labelings work, and the probability is % =
3i-Thusm +n =1+ 84 = 85.
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