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1. Theproduct IV of three positive integersis 6 times their sum, and one of the integersiis
the sum of the other two. Find the sum of all possible values of IV.

Solution:
Let theintegersbea,b,andc = a + b.Then

N =abc=6(a+b+c)
=6-2c=12c,

and cancelling cfromabc = 12cleaves ab = 12.

The factorizations (a, b) = (1,12),(2,6),(3,4) givec = 13,8,7and N = 12¢ =
156,96, 84. The sum of all possible valuesis 156 4+ 96 + 84 = 336.



2. Let N bethe greatestinteger multiple of 8, no two of whose digits are the same. What
is the remainder when NN is divided by 10007

Solution:

Anintegeris divisible by 8 exactly when the number formed by its last three digitsis. To
make NN as large as possible, use all ten digits once each and put the largest digits
first: the leading digits are 9876543, and the final three digits are some arrangement
of 0,1, 2 — provided one of those arrangements is a multiple of 8.

Checking 012,021, 102,120, 201, 210, the only multiple of 8is 120. So N =
9,876,543,120, and the remainder upon division by 1000 is 120.

3. Define agoodword as asequence of letters that consists only of the letters A, B, and
C — some of these letters may not appearin the sequence — and in which A is never
immediately followed by B, B is neverimmediately followed by C', and C'is never
immediately followed by A. How many seven-letter good words are there?

Solution:

Each letterrules out exactly one successor (A forbids B, B forbids C, C forbids A),
so whatever letter has just been written, exactly 2 of the 3 letters may come next.

With 3 choices for the first letter and 2 for each of the remaining six positions, the
number of seven-letter good wordsis 3 - 26 = 192.



4,

In aregular tetrahedron, the centers of the four faces are the vertices of a smaller
tetrahedron. The ratio of the volume of the smaller tetrahedron to that of the largeris
% ,where m and n are relatively prime positive integers. Findm + n.

v

Solution:

Use position vectors, andlet G = % be the centroid of the tetrahedron. The

center of the face opposite A is
B+C+ D B 4G - A
3 - 3
1
=G~ 3(4-0),

so eachface centeris the image of the opposite vertex under the homothety

centered at G withratio — %

Hence the smaller tetrahedronis similar to the larger with ratio %, anditsvolumeis

(%)3 = 21—7 ofthelarger. Thusm +n =1+ 27 = 28.



5. Acylindricalloghas diameter12inches. Awedge s cut from the log by making two
planar cuts that go entirely through the log. The first is perpendicular to the axis of the
cylinder, and the plane of the second cut forms a 45° angle with the plane of the first
cut. The intersection of these two planes has exactly one pointin common with the
log. The number of cubic inches inthe wedge can be expressed as nm,wherenisa
positive integer. Find n.

Solution:

Take the first cut as horizontal. The line where the two cutting planes meet touches the
log at exactly one point, soit is tangent to the circular cross-section of radius 6. The
wedge therefore stands over the entire disk: its height is 0 at the tangent point and,
because the second cutis at45°, it rises linearly to 12 at the diametrically opposite
point.

Pair each point of the disk with its mirrorimage through the center: the wedge’s
heights over the two points add to exactly 12. So two copies of the wedge fit together
into a cylinder of radius 6 and height 12, and the wedge’s volumeis

1 2
§7r'6 -12 = 216m7.

Thusn = 216.



6. NnANABC,AB = 13,BC = 14, AC = 15,and point G is the intersection of the
medians. Points A’, B’, and C’ are theimages of A, B, and C, respectively, aftera
180° rotation about GG. What is the area of the union of the two regions enclosed by
the triangles ABC and A’B'C'?

Solution:

A 180° rotation takes eachline to a parallelline, so A A’ B'C' is congruent to AABC
with parallel sides. View BC as horizontal and let h be the height of A aboveit. The
centroid G is at height %, so A', thereflection of A through G, is at height 2 - % —

h = —%, on the far side of line BC, while B’ and C’ are at height %

Line BC therefore slices off the cornerof AA’B'C’ at A’ :the cutis parallelto B'C’,
and the corner’s height % is one third of the triangle’s full height h, so the corneris
similar with ratio § and has area § [ABC]. The same happens at each side of AABC,
and these three corners are exactly the part of A A’ B'C’ outside AABC. Hence the
unionhas area

[ABC] +3 - :[ABC]
= 4[ABC.

3

By Heron's formulawith s = 21,[ABC] = +/21 -8 - 7 - 6 = 84, so the union has area
$-84=112.



7. Findthe area of rhombus ABC' D given that the radii of the circles circumscribed
around triangles ABD and AC' D are 12.5 and 25, respectively.

Solution:

Let s be the sidelengthand o = ZBAC (the diagonal AC bisects angle A). The
diagonals then have lengths AC' = 2s cosaand BD = 2ssin a. Intriangle ABD,
side BD subtendsthe angle ZBAD = 2a, so the extended law of sines gives

BD

2sin 2«
2ssin «

125 =Ry =

4 sin o cos a
S

2cosa’

Intriangle AC D, side AC subtends ZADC = 180° — 2a, sosimilarly25 = Ry =

S

2sina”

Dividing, tana = % = %,sosina = % andcosa = %.Thens = 2R sina =
50 _

% =10V5.

The areais half the product of the diagonals:

5-2scosa-233ina

— 2s%sinacos o

:2-500-§:400.



8. Findthe eighthterm of the sequence 1440,1716,1848, . ..,whose terms are formed
by multiplying the corresponding terms of two arithmetic sequences.

Solution:

The nth term of an arithmetic sequenceislinearinn, so the product of corresponding
terms of two arithmetic sequencesis a quadratic t,, = an? + bn + c. Indexing the
giventermsbyn = 0,1,2:
c = 1440,
a+b+c=1716,
4a + 2b + c = 1848,

whichgivea + b = 276 and 2a + b = 204,so0a = —72,b = 348, c = 1440.

The eighthtermist; = —72 - 494348 - 7+1440 = 348.(Indeedt, = (180 —
24n)(8 + 3n), a product of two arithmetic sequences matching the given terms.)



9. Considerthe polynomials P(z) = 2% — 2° — 23 — 22 —zand Q(z) = z* — 23 —

x? — 1.Giventhat 21, 2, 23,and z4 are theroots of Q(z) = 0, find P(z1) + P(z3) +
P(Zg) + P(Z4).

Solution:
Polynomial division gives

P(z) = Q(2) (¢* + 1)
+a? -z +1,

so P(z;) = 22 — z; + 1foreachroot z; of Q.
By Vieta’s formulas for Q(z) = 2% — z® — 22 — 1,wehave }_ z; = 1and

. zizi =—1,50) 22 = zi2—2 _.zizj= 14 2 = 3.Therefore
1<J J 1 1<J J

4
Y P(z)=3-1+4=6.
i=1



10. Two positive integers differ by 60. The sum of their square roots is the square root of an
integerthatis not a perfect square. What is the maximum possible sum of the two
integers?

Solution:

Lettheintegersbe x and  + 60, and suppose y/x + /& + 60 = /Y- Squaring,
y = 2z + 60 + 24/z(z + 60),so z(x + 60) must be a perfect square, say 2.
Completing the square,

(z + 30)% — 2% = 900,

(x + 30 + z)(xz + 30 — z) = 900.

The two factors have the same parity and their productis even, so both are even.

The factor pairs (450, 2), (150, 6), (90, 10), (50, 18) give = + 30 = 226, 78, 50, 34,
sox = 196,48,20,4.Forxz = 196 theintegers are 196 and 256, both perfect

squares,so,/y = 14 + 16 = 30andy = 900is a perfect square — not allowed. For
z = 48the integers are 48 and 108, with /48 4 /108 = 44/3 + 64/3 = +/300, and
300is not a perfect square.

The maximum possible sumis therefore 48 + 108 = 156.



1. Triangle ABC'is aright triangle with AC' = 7, BC = 24, andright angle at C'. Point M
is the midpoint of AB, and D is on the same side of line AB as C sothat AD =

BD = 15. Giventhat the area of AC DM canbe expressed as %ﬁ,where m,n,

and p are positive integers, m and p are relatively prime, and n is not divisible by the
square of any prime, findm + n + p.

Solution:

The hypotenuseis AB = /7% 4+ 242 = 25, and the median to the hypotenuse gives
CM = % Since AD = BD, point D lies onthe perpendicularto AB at M, so
DM 1 ABand

DM =

—
2R
\—/

Let 3 = LZAMC'. Intriangle AMC with AM = CM = 22—5 and AC = 7, thelaw of
cosines gives

(8 + (3) -7

cos 3 =

_ 5
625

Since C'and D are onthe same sideof ABand M D 1 AB,wehave ZCMD =
— B,sosin ZCM D = cos 3.

Therefore

1 25 5\/_ 527

2 2 2 625
_527/11
40

(CDM] =

andm +n +p =527+ 11 4+ 40= 578.



12. The members of a distinguished committee were choosing a president, and each
member gave one vote to one of the 27 candidates. For each candidate, the exact
percentage of votes the candidate got was smaller by at least 1 than the number of
votes forthat candidate. What is the smallest possible number of members of the
committee?

Solution:

Lett be the number of members. A candidate with n votes has percentage == 100” , SO

the conditionis =~ 100” < n — 1,whichrearrangeston(t — 100) > ¢.This forcest >
100and

t
n > .
— t—100
Ift < 133,then —— > 3 133 > 4, so every candidate needs at least 5 votes, and the

- 100
totalis atleast27 - 5 = 135 > t —impossible.

Fort = 134, eachcandidate needsn > 134 4o at least 4 votes, and thisis

34
achievable: let 26 candidates receive 4 votes each and one receive 30. Indeed ‘1“;2

2.99 < 3and 3103040 ~ 22.4 < 29. So the smallest possible number of membersis 134.



13. Abug starts at a vertex of an equilateral triangle. On each move, itrandomly selects
one of the two vertices where itis not currently located, and crawls along a side of the
triangle to that vertex. Given that the probability that the bug moves toits starting
vertexonitstenthmoveis % , Wwhere m and n are relatively prime positive integers, find
m + n.

Solution:

Let p,, be the probability that the bugiis at its starting vertex after n moves, sopg = 1.
The bugis home aftermove n + 1 exactly whenit was elsewhere after move n
(probability 1 — p,,) and then chose the starting vertex (probability %):

1
Pni1 = 5(1 — Pn)-
The fixed point of thisrecurrence s %,andpnﬂ — % = —% (pn — %) ,SOP, = % +
2 1\"
5 (=2)"
Forn = 10:

Since171 = 9-19and 512 = 29 sharenofactor,m +n = 171 + 512 = 683.



14. Let A = (0,0) and B = (b, 2) be points on the coordinate plane. Let ABC DEF be
aconvex equilateralhexagonsuchthat /ZFAB = 120°, AB | DE,BC || EF,
CD || FA, andthe y-coordinates of its vertices are distinct elements of the set
{0,2,4,6,8,10}. The area of the hexagon can be written in the form m+/n, where m
and n are positive integers and nis not divisible by the square of any prime. Find m +

n.

Solution:

Opposﬂe 5|des are parallel equal in Iength and traversed in opposite directions, so

AB ED BC FE CD AF the hexagonis centrally symmetric, and

opposite vertices’ y-coordinates share acommon sum, namely L?)HO = 10.

Fromys = 0andyp = 2wegetyp = 10,yg = 8, and convexity putsyc = 6,yr =
= — — . e

4. Write AB = (b,2), BC = (p,4),CD = (q,4).Equalside lengths give s* = b* +

4=p® +16= q* + 16,s0p = +q;sincep = gwould make B, C, D collinear,p =

_q.

— =
Since AF = CD,wehave F = (q,4),and ZF AB = 120° gives
ﬁ . A7 =bq+ 8

2 b2 +4
2 2

Takingb > Oforcesq < 0,soq = —+v/b? — 12, and the equation becomes

bvb2 — 12 = I’2+T2O. Squaring yields 3b* — 88b? — 400 = 0,s0b* = 12, givingb =
0 - _8 5, 8

7349= ~3P= 5

The verticesare A = (0,0), B = (%,2) ,C = (6v/3,6),D = (%, 10) JE =
(0,8),F = (—%,4) .The hexagon splitsinto the parallelogram ABDE, with

vertical side AE = 8 and horizontal offset b (area 8b), plus the two congruent triangles



BC D and EF A, each with vertical base 8 and horizontal height %. The total areais

=
10 1 8
8-~ 42---8-—
V3 2 V3
144
= — =483,
V3

som-+n =48 + 3 = 51.



15. Let

P(z) = 24z*

23
I 2(24 —J) ($24—j 4 w24+j) .
j=1

Let 21, 22, . . . , 2 be the distinct zeros of P(x),andlet 22 = a, + byifork = 1,2,
...,T,wherei = 4/—1, and a; and by are real numbers. Let

\
> |be| = m +ny/p,
k=1

where m, n,and p are integers and pis not divisible by the square of any prime. Find
m—+n + p.

Solution:

The coefficient of z¥ in P(z)is24 — |24 — k|forl < k < 47,and consecutive
coefficients differ by +1 up through 22 and by —1 afterwards. Multiplyingby 1 — x
therefore telescopes:

(1—=z)P(z)
:(a}+m2+...+x24)
—(3325—|—---—|—.’1348)
=(x+2’+ -4z

'(1_3324)7

soforx # 1,

The distinct zeros of P are therefore 0 together with the 24th roots of unity other than
1:2;, = cos15k® 4+ isin 15k°fork = 1,...,23.The zero 0 contributes nothing, and



22 = cos 30k° + i sin 30k°, so |b,| = | sin 30%°|.

As krunsfrom1to 12, the values | sin 30k°| are %, @, 1, @, %, 0 repeated twice,
summingto 4 + 2v/3;thetermsfork = 13,...,23repeatthosefork = 1,...,11
and add another4 + 24/3. The totalis 8 + 4v/3,som +n +p = 8 + 4 + 3 = 15.
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