2008 AIME Il Solutions

Typeset by: LIVE by Po-Shen Loh
https://live.poshenloh.com/past-contests/aime/2008Il/solutions

Problems © Mathematical Association of America. Reproduced with permission.

1. LetN = 1002 + 992 — 982 — 972 +96% + - .- + 42 + 32 — 22 — 12 whererthe
additions and subtractions alternate in pairs. Find the remainder when N is divided by

1000.
v
Solution:
Group the terms fouratatime. Fork = 1,2,..., 25, the block ending at (4k)? is

(4k)? + (4k — 1)?

— (4k — 2)* — (4k — 3)?
= 2(8k — 2) + 2(8k — 4)
= 32k — 12,

using the difference of squaresa? — b = (a + b)(a — b) witha — b = 2 twice.

Summingover k = 1to 25,

N:32-¥—12-25

= 10400 — 300 = 10100,

so the remainderwhen N is divided by 1000 is 100.



2. Rudolphbikes at aconstant rate and stops for a five-minute break at the end of every
mile. Jennifer bikes at a constant rate whichis three-quarters the rate that Rudolph
bikes, but Jennifer takes a five-minute break at the end of every two miles. Jennifer and
Rudolph begin biking at the same time and arrive at the 50-mile mark at exactly the
same time. How many minutes has it taken them?

Solution:

Let Rudolph bike at r miles per minute. He rests after each of miles 1 through 49, so his
totaltimeis 57,—0 +49.5 = 57,—0 + 245 minutes. Jennifer bikes at %’" miles per minute and
rests aftereachof miles 2,4, ..., 48, sohertotal timeis 2_—9 +24.-5= % + 120

4
minutes.

Setting the times equal gives

2
@+245:ﬂ+120,
r 3r
SO
200 —
195 — 00 — 150
3r
_ 50
- 3y’

andr = %.The commontimeis % + 245 = 375 + 245 = 620 minutes.

15



3. Ablockof cheeseinthe shape of arectangular solid measures 10cmby 13 cmby 14
cm. Tenslices are cut from the cheese. Each slice has a width of 1 cm andis cut parallel
to one face of the cheese. The individual slices are not necessarily parallel to each
other. Whatis the maximum possible volume in cubic cm of the remaining block of
cheese aftertenslices have been cut off?

Solution:

Every sliceis 1 cmwide and parallel to a face, so after each cut the remaining cheeseis
still arectangular block, with one dimension shortened by 1. If the ten slices shorten
the three dimensions by p, g, and 7 withp + q + r = 10, the remaining block
measures (10 — p) x (13 — q) x (14 — r), and these dimensions sumto 37 — 10 =
27.

By the AM-GM inequality, a product of positive numbers with fixed sum 27 is greatest
when all three are equal to 9, whichis achieved by taking 1 slice fromthe 10 cm
dimension, 4 from the 13 cm dimension, and 5 from the 14 cm dimension. The
maximum volume is 93 = 729 cubic cm.



4. There existr unique nonnegativeintegersn; > ny > - -+ > n, andrunique integers
ar (1 < k < r)witheach ay either 1 or —1 such that

a13™ + a3 +---+a, 3™
= 2008.

Findni +n2 4+ -+ + n,.

Solution:
Inbase 3,2008 = 22021013, thatis,
2008 =2-3°+2.3"+2.3
432 + 30,
To convert the digits 2 into coefficients 1, use 2 - 3¢ = 3%+ — 3% The two adjacent

digits 2 collapse neatly: 2 - 3% + 2 - 35 = (37 — 3%) 4 (3% — 3%) = 3" — 3%,and 2 -
3% — 31 _ 33,

Therefore
2008 = 3" — 3% + 3% — 33
+ 3% +3°,

which has distinct exponents and coefficients =1, as required. The sum of the
exponentsis7+5+4+3+ 2+ 0= 21.



5. Intrapezoid ABC D with BC || AD,let BC = 1000and AD = 2008.Let LA =
37°, /D = 53°,and M and N be the midpoints of BC and AD, respectively. Find
thelength MN.

Solution:

Extendlegs AB and DC' untilthey meet atapoint E.Since /A + ZD = 37° +

53° = 90°, triangle EAD has aright angle at E. Because BC | AD, triangle EBC'is
the image of triangle £ AD under ahomothety centered at E/, so the midpoint M of
BC maps to the midpoint N of AD:; inparticular E, M, and N are collinear.

The median to the hypotenuse of aright triangle is half the hypotenuse, so EN =
2008 — 1004 and EM = 192 = 500. Therefore

MN = EN — EM
= 1004 — 500 = 504.



6. Thesequence {a,}isdefined by

ap =1,
ar =1,
a2
an = an-1+ 2= (n>2).
Qp—2
The sequence {b, } is defined by
bO ’
b1:: 37
b2
bp=bp 1+ 22 (n>2).
bn—2
Find &2,
as2
v
Solution:
Dividing the recurrence by a,,_1 gives
anp =1+ an—l,
an—1 ap—2

so the consecutive-termratio increases by exactly 1 each step. For {a,, } the first ratio

is Z—; =1,s0 aa’jl = nanda, = n!.The same computation appliesto {b, }, whose
firstratiois Ig—; = 3,s0 bb: =n+ 2andb,, = (n-g2)!.
Therefore

by % 3433

= = = 561.
ass 32! 2




7. Letr,s,andtbethethreeroots of the equation

8x% + 1001z + 2008 = 0.

Find (r + 8)% + (s + )3 + (¢t +7)3.

v
Solution:
The cubic hasno % term,sor + s + t = 0 by Vieta’sformulas. Hencer + s = —t,
§$+t=—r,andt +r = —s,andthedesiredsumis
(=)’ + (=r)°

+(=s)’
= —(r3 + 8% + %),
Wheneverr + s + t = 0,theidentity r® + 8% +t3 — 3rst= (r + s +t) (r? + s* +
t* —rs — st — tr) givesr® + s 4 t3 = 3rst. By Vieta’sformulas, rst = — 228 =
—251,s07% + 8% +t3 = —753,and the answeris —(—753) = 753.



8. Leta = . Findthe smallest positive integern such that

2[cos(a) sin(a) + cos(4a) sin(2a)
+ cos(9a) sin(3a)

+ -+ 4 cos(n’a) sin(na)]

isaninteger.

Solution:

By the product-to-sumidentity,

2 cos(k?a) sin(ka)
= sin(k*a + ka)

— sin(k%a — ka)
= sin(k(k + 1)a)

— sin((k — 1)ka).

Summing over k = 1ton,the termstelescope, leaving

n(n+ 1)w

: Da) — «i
sin(n(n + 1)a) = sin 5008

Asineis anintegeronly whenitis —1, 0, or 1, thatis, whenits argument is a multiple of

7.Soweneed n%:)rsl) to be amultiple of 3,i.e.1004 | n(n + 1), where 1004 = 4 -

251 and 251 is prime.

Sincen andn + 1 are coprime, 251 must divide one of them, son > 250. Forn =
250 the product 250 - 251 is not divisible by 4. Forn = 251 the product 251 - 252is
divisible by 4 - 251 = 1004. The smallest suchnis 251.



. Aparticleislocated on the coordinate plane at (5, 0). Define a move for the particle as
a counterclockwise rotation of 7 radians about the origin followed by a translation of
10 unitsin the positive z-direction. Given that the particle’s position after 150 moves
is (p, q), find the greatest integer less than orequal to |p| + |q|-

Solution:

Identify the plane with the complex plane, soamove sends ztowz + 10 withw =
et. Starting from 2z = 5 anditerating,

z150 = bw'™

+10 (w149+w148+---+w—|—1).

Sincew® = 1and 150 = 8 - 18 4 6, we getw!®? = Wb = —i.Inthe geometric sum,
every block of 8 consecutive powers adds to 0, so the 150 termsreduceto 1l + w +

e W= - — W=7 — (@ — @z) . Therefore

2150 — —52

+ 10 (§+<1+%§)z)

— _5V2+ (5+5\/§) i

Thus |p| + |¢| = 5v/2 + 5 + 5v/2= 5 4+ 10v/2 ~ 19.14, and the greatestinteger
less than or equal to thisis 19.



10. The diagram below shows a4 x 4 rectangular array of points, each of whichis 1 unit
away fromits nearest neighbors.

Define a growing path to be a sequence of distinct points of the array with the
property that the distance between consecutive points of the sequence is strictly
increasing. Let m be the maximum possible number of points in a growing path, and
let r be the number of growing paths consisting of exactly m points. Find mr.

Solution:

The squared distance between two points of the array is a® + b2, where a andbare the
coordinate differences, eachin {0, 1, 2, 3} and not both zero. The possible values are
1,2,4,5,8,9,10,13, 18 — only 9 values — so a growing path has at most 10 points,
and a path with 10 points must use all nine distances inincreasing order. Label its
points P1, ..., Pipsothat PLP>» = 1and Py Piy = V18.

Since v/18 isrealized only by opposite corners, there are 4 ordered choices of

(Pyg, Py).Next, Ps Py = /13 leaves 2 choices for Py, the two neighbors of P,
symmetric across the main diagonal. From there the distances \/E, 3, \/g, \/5, 2, V2
force Py, P, . .., P> uniquely (for P; the alternative corner choice fails because the
point needed next for Pg would coincide with Py or Pyg). Finally P; must be at distance
1from P,, and 3 of its neighbors are unused. One of the resulting paths is shown
below.



P5 P3 PlO
Hencem = 10andr =4 -2 -3 = 24, somr = 240.



1. Intriangle ABC, AB = AC = 100, and BC = 56. Circle P hasradius 16 andis
tangentto AC and BC. Circle Q is externally tangent to circle P and is tangent to AB
and BC'. No point of circle Q lies outside of AABC'. The radius of circle Q canbe
expressedintheformm — n\/%, where m, n, and k are positive integers and k is the
product of distinct primes. Find m + nk.

Solution:

Place B = (0,0) and C = (56, 0); the altitude from A haslength 4/1002 — 282 =
96,50 A = (28,96).Thensin B = 2% cos B = L,and

257 257
B  sinB
tan; 1+ cosB
= § = tan g
4 2

A circle of radius r tangent to BC and to a slanted side has its center on the bisector

fromthat base vertex, at height r and horizontal distance tan’(’ Ty = 4—; from the vertex.
2

Thus P = (56 — 63—4, 16) andQ = (43—q, q) ,where qis the radius of circle Q.

Externaltangency means P(Q) = q + 16 :

104 — 4q\ °
EE

= (16 + q)°.
Since (16 + q)* — (16 — q)* = 64q, thisbecomes (104 — 4q)* = 576q,i.e. (26 —
q)? = 364, which simplifiesto g> — 88¢ + 676 = 0,s0q = 44 + 6+/35.

Theroot44 + 64/35 ~ 79.5 would make circle (Q extend outside the triangle,so g =
44 — 64/35.Herem = 44,n = 6,andk = 35 =5 7,givingm + nk = 44 +
210 = 254.



12. There are two distinguishable flagpoles, and there are 19 flags, of which 10 are
identical blue flags, and 9 are identical green flags. Let IV be the number of
distinguishable arrangements using all of the flags in which each flagpole has at least

one flagand no two green flags on either pole are adjacent. Find the remainder when
N is divided by 1000.

Solution:

Suppose the first pole gets bblue and g green flags, the second the remaining 10 — b
blue and9 — g green. On a pole with bblue flags, the green flags must occupy distinct

gapsamongthe b + 1 gaps around the blues, in (b‘;l

requirement that each pole be nonempty, the totalis

) ways. Temporarily ignoring the

b
= 11220 = 2420,

where the inner sum collapses by Vandermonde’s identity, since (b + 1) + (11 —
b) = 12.

The arrangements that leave a pole empty put all 19 flags on one pole, in (191) =55
ways for each choice of pole. Hence

N = 2420 — 2 - 55 = 2310,

and the remainderwhen N is divided by 1000is 310.



13. Aregularhexagon with center at the originin the complex plane has opposite pairs of
sides one unit apart. One pair of sides s parallel to the imaginary axis. Let R be the
region outside the hexagon, andlet S = {% | z € R} .Thenthe area of S has the
formam + v/b, where a and b are positive integers. Find a + b.

Solution:

The hexagon’s sides lie at distance % from the origin, with one side ontheline Re z =

%, so Ris the union of the six half-planes obtained by rotating Re z > % by multiples

of 60°.Ifw = u + vi = 1,thenRez =Re + = i > 3 isequivalenttou® +
v? < 2u,ie. (u— 1)? +v? < 1. So each half-plane maps onto an open unit disk, and

S is the union of six unit disks centered at the sixth roots of unity.

Cut the plane into six 60° wedges by the rays at angles 30° 4+ 60°k; by symmetry,
within each wedge S coincides with the disk whose center lies in that wedge. The rays

at +£30° meet thecircle |lw — 1| = 1at (%, i@) , SO the piece of S'inthat wedge

consists of two triangles with vertices at 0, the center 1, and one of these points —
eachisosceleswith two sides 1 and apex angle 120°, area @ — togetherwith the
120° sector of the disk between them, area .

Each wedge therefore contributes% + @,and the total areais

6(24—@) — 271+ 34/3
3 2
=27+ V27.

Thusa = 2,b = 27,anda + b = 29.



14. Leta and bbe positive realnumbers witha > b. Let p be the maximum possible value
of ¢ forwhich the system of equations

a2+y2:b2+x2
=(a—z)’+ (b—1y)’

has a solution (z, y) satisfying0 < < aand0 < y < b.Then p2 can be expressed
as afraction % ,where m and n are relatively prime positive integers. Findm + n.

Solution:

Draw the rectangle with vertices A = (0,0), B = (a,0),C = (a,b),D = (0,b),and
let E = (x,0)on ABand F = (a,b — y)on BC.Then DE? = b + 2, DF? =
a’+y?,and EF? = (a — z)? + (b — y)?, so the system says exactly that triangle
DFEF isequilateral, with the constraints keeping FE and F' onthose two sides.

Letd = LZADE,sox = btanfand DE = _.Since /EDF = 60° and the
cornerangle at D is 90°,we get ZCDF = 30O —6,s0y = atan(30° — #) and
DF = W Setting DE = DF gives

COs

a cos(30° —6)

b cos 0
= c0s 30° + sin 30° tan 6,

whichisincreasingin 8. The requirementy > 0forcesf < 30°.

The maximumiis therefore at§ = 30°, where § = f + attainedwithy =

2f \/3’
Oandz = % < a.Hence p? = 5,andm—|—n-4—|—3— 7.



15. Find the largest integer n satisfying the following conditions: (i) n% can be expressed
as the difference of two consecutive cubes; (i) 2n + 79 is a perfect square.

Solution:

Condition (i) saysn? = (m + 1) — m3 = 3m? + 3m + 1 forsomeintegerm.
Multiplying by 4 and rearranging, 4n? — 1 = 12m? + 12m + 3, i.e.

(2n — 1)(2n + 1) = 3(2m + 1)%

The factors on the left are consecutive odd numbers, hence coprime, so one of them
is a perfect square and the otheris 3 times asquare. If 2n — 1 = 3k2,then2n + 1 =

2 (mod 3)would be a perfect square, whichisimpossible. Hence 2n — 1 = k? with k
odd.

Writing k = 2a + 1 givesn = 2a?® 4 2a + 1. Condition (ii) says 2n + 79 = 4a? +

4a + 81 = d?, so

(d—2a—1)

-(d+2a+1)
= d* — (2a + 1)?
= 80.

The two factors have the same parity, so both are even: the pairs (2, 40), (4, 20),
(8,10) give2a + 1 = 19, 8, 1, of which the odd values yielda = 9(son = 181)and
a=0(on =1).

Forn = 181 :indeed 1812 = 32761 = 1053 — 1043 (here2n + 1 = 363 = 3 - 112,
asrequired), and 2n + 79 = 441 = 212. So the largest suchnis 181.
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