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1. Calla3-digitnumber geometricif it has 3 distinct digits which, when read from left to
right, form a geometric sequence. Find the difference between the largest and
smallest geometric numbers.

Solution:

Write the digits as a, ar, ar?. For the largest geometric number, take a = 9. Aninteger
ratio atleast 2 would push the next digit past 9, andr = 1 repeats digits,sorisa
fraction whose denominator squaresinto 9 : the choicesr = %andr = %give 964
and 931. Thelargestis 964.

For the smallest, take hundreds digit 1. Then the tens digit » must be aninteger at least
2 (the digits are distinct), andr = 2 gives 124, whichbeatsr = 3’'s 139.

The differenceis 964 — 124 = 840.



2. Thereisacomplexnumber z withimaginary part 164 and a positive integern such that

z

= 43.
z+n

Findn.

Solution:
Write z = a + 1644. Clearing the denominator gives z = 4i(z + n), thatis,
a+ 164i = 4i (a + n + 1644)
= —656 + 4(a + n)i.

Real parts give a = —656, and imaginary parts give 164 = 4(a + n),soa + n = 41
andn = 41 4+ 656 = 697.



3. Acointhat comes up heads with probability p > 0 and tails with probabilityl —p > 0
independently on eachflipis flipped eight times. Suppose the probability of three
heads and five tailsis equal to % of the probability of five heads and three tails. Let
p = %,Wheremand n are relatively prime positive integers. Find m + n.

Solution:

The condition says

<§>P3(1 —p)°
= % (§>p5(1 -p)’.

Since (22 = (g) andbothpand 1 — pare positive, dividing by p3(1 — p)3 leaves (1 —
p)? =k,s0l—p==F.
Hencep = %,andern =546 =11.



4. In parallelogram ABCD point M ison AB so that &% AM = 1000,and pothls onAD
so that % = Let P be the point of mtersectlon of AC and MN. F|nd

2009

Solution:

— —
Place A attheoriginandletb = ABandd = AD,sothatC =b+d,M = 1(1)30b
and N = 2(1)ggd Since Plieson AC,write P = s (b 4+ d) where s = ﬁg,smceP
alsoliesonline MN,write P = tM + (1 — t) N forsomet.

Because b and d are independent, the coefficients must agree:

_am
1000
and
. 17(1 —¢)
2009
Thust = 1010705 andl —t = 2010793,adding gives1l = %.

AC _ 1 _ 3009 __
Therefore 45 = ¢ = 57 = 177.



5. Triangle ABC has AC = 450 and BC = 300. Points K and L are located on AC and
AB respectivelysothat AK = CK,and CLis the angle bisector of angle C.. Let P
be the point of intersection of BK and C'L, andlet M be the pointonline BK for
which K is the midpoint of PM. If AM = 180, find LP.

Solution:

M

A L B

Because AK = C'K and K is the midpoint of PM , the diagonals of quadrilateral
APCM bisect each other, so APCM is a parallelogramand AM || CP.Since P lies

onlineCLand B, P, M alllieonline BK , triangles BLP and BAM are similar.
Tgus j—]\% = %.The angle bisector theorem gives f—é = é—g = % == %,so % =

243~ 5°
Therefore LP = % -AM = % - 180 = 72.



6. How many positive integers IV less than 1000 are there such that the equation zltl =
N has asolutionfor z? (The notation | x| denotes the greatest integer that is less than
orequaltozx.)

Solution:

Suppose |z | = kforapositive integer k. As z runs over [k, k + 1), the value z*
increases continuously from k* toward (k+ 1)’“, so the attainable integers IV are
exactlythosewithk* < N < (k + 1)* — 1 :thereare (k + 1)* — k¥ of them, and
these ranges are disjoint for different k. (Values of x below 1 produce no new positive
integers, since ¥ = 1is already attained.)

Fork =1,2,3,4thecountsare2 — 1 =1,9—-4=5,64 — 27 = 37,and 625 —
256 = 369, and every such IV isat most 624 < 1000. Fork = 5 the smallestvalueis
5° = 3125 > 1000.

Thetotalis1 + 5 + 37 + 369 = 412.



7. Thesequence (a,)satisfiesa; = land5(@+1—®) — 1 = niQ forn > 1.Letkbethe
3
least integer greater than 1 forwhich ay, is aninteger. Find k.

v
Solution:
Therelation says 5%+ % =1 + 3n3+2 = gZig Multiplying these equations forn =
1,2,...,k — 1telescopes:
sai-ar _ 3k + 2

5 9
SO

3k + 2

ar =1+ logs

Thus ay, is an integer exactly when 3k + 2is apower of 5. Since 5/ = 2/ (mod 3),
only odd exponents j give numbers of the form 3k + 2. The power 5! = 5givesk =
1, whichis excluded, and the next, 5% = 125 = 3 - 41 + 2, gives k = 41.



8. LetS = {2°21,22 ..., 210} Considerall possible positive differences of pairs of
elementsof S. Let N be the sum of all of these differences. Find the remainder when
N is divided by 1000.

Solution:

Inthe sum of all positive differences, the element 2% is added once for each smaller
element (k times) and subtracted once for each larger element (10 — k times). Hence

10
N =) (2k—10)2"
k=0

10 10
= 2Zk2k — 1022’“.
k=0 k=0

The standard sums are Z,{:O:O k2F=9.21 + 2 = 18434 and 21160:0 ok — 911 _ 1 —
2047, so

N =2-18434 — 10 - 2047
= 36868 — 20470 = 16398.

The remainder upon division by 1000 is 398.



9. Agame show offers a contestant three prizes A, Band C, each of whichisworth a
whole number of dollars from $1 to $9999 inclusive. The contestant wins the prizes by
correctly guessing the price of each prize inthe order A, B, C. As a hint, the digits of the
three prices are given. On a particular day, the digits givenwere 1,1,1,1, 3, 3, 3. Find
the total number of possible guesses for all three prizes consistent with the hint.

Solution:

Concatenating the three guessed prices in order produces an arrangement of the
seven given digits, and each guessis recovered uniquely from an arrangement
togetherwith away to cutitinto three consecutive nonempty blocks of at most four
digits each (prices run from $1 to $9999, and no price can start with 0 here since every
digitis 1 or3). There are 4%, = 35 arrangements of four 1s and three 3s.

The ordered block lengths are the ways to write 7 as an ordered sum of three parts
between 1and4 : the permutations of (1, 2,4), (2,2, 3),and (1, 3, 3), giving 6 +
3 + 3 = 12 cutsforeacharrangement.

The totalis 35 - 12 = 420.



10. The Annual Interplanetary Mathematics Examination (AIME) is written by a committee
of five Martians, five Venusians, and five Earthlings. At meetings, committee members
sit at around table with chairs numbered from 1 to 15 in clockwise order. Committee
rules state that a Martian must occupy chair 1 and an Earthling must occupy chair 15.
Furthermore, no Earthling can sitimmediately to the left of a Martian, no Martian can sit
immediately to the left of a Venusian, and no Venusian can sitimmediately to the left of
an Earthling. The number of possible seating arrangements for the committeeis NV -
(51)3.Find .

Solution:

First choose which planet sitsin each chair; the individuals from each planet can then
be assigned to their chairsin 5! ways apiece, so N counts the planet patterns. The
adjacency rules say exactly that, reading clockwise, each maximal block of Martians
must be followed by a block of Venusians and then a block of Earthlings before
Martians can appear again. Since chair 1 holds a Martian and chair 15 holds an
Earthling, the chairs from 1 to 15 consist of the pattern (Martian block, Venusian block,
Earthling block) repeated k times, forsome 1 < k < 5.

Foragiven k, each planet’s five members are distributed into kK nonempty blocks in
order, and the number of ways to write 5 as an ordered sum of k positive integers is
(kfl) . The three planets’ block sizes are independent, so

N‘§<k41>3

=1+ 446 +4°+1°
= 346.



11. Considerthe set of all triangles OPQ) where O is the origin and P and Q are distinct
pointsin the plane with nonnegative integer coordinates (z, y) suchthat4lz + y =
2009. Find the number of such distinct triangles whose area s a positive integer.

Solution:

The points on the line with nonnegative integer coordinates are P; = (i, 2009 — 417)
fori = 0,1,...,49 —fiftypointsinall. For P = P;and Q = P;, the shoelace formula
gives

[OPQ)| = % | 4(2009 — 415) — 7(2009 — 413) |

2009 i— |
= 1—7|.
2 J

This is automatically positive for distinct points, and since 2009 is odd, itis aninteger
exactlywhent — jiseven, thatis, when? and j have the same parity. There are 25 even

and 25 odd indices, so the number of triangles is (225) + (225) = 300 + 300 = 600.



12. Inright AABC with hypotenuse AB, AC = 12, BC = 35, and C D is the altitude to
AB. Letw be the circle having CD as a diameter. Let I be a point outside A ABC
suchthat AT and B1T are both tangent to circle w. The ratio of the perimeter of AABI
to the length AB canbe expressedin the form % , where m and n are relatively prime
positive integers. Findm + n.

Solution:

Because CD | AB and Disanendpoint of the diameter, AB is tangent tow at D.
Together with the tangentlines AT and B1, this makes w the inscribed circle of
triangle ABI.Write AD = y, BD = z,andletx be the tangentlengthfrom I. The
right-triangle altitude satisfies CD? = AD - BD, sotheinradiusof ABIisr =

% yz.

With semiperimeters = = + y + z,thetangentlengths are exactly s — AB = «,
s — BI = y,ands — Al = z,sotheareaof ABI equals bothrsand, by Heron’s
formula, /s - zyz. Equating and squaring,

s2yz

= s TY=Z,

e
s = 4z,

whichgives AB =y + z = s — ¢ = 3.

The perimeteris 2s = 8z, soitsratioto AB'is g—‘; = g(independent of the givenlegs),
andm+n =8+ 3 =11.



13. The terms of the sequence (a;) definedby a,, 2 =

a,+2009
1+an+1

integers. Find the minimum possible value of a; + as.

forn > 1are positive

Solution:

Clearing denominators, a,12(1 + a,11) = a, + 2009 foralln > 1. Subtracting each
instance from the next gives

Apt2 — Qp

= (a’n+2 + 1)(an+3 - an—i—l)'

If some difference a,, 12 — a,, were nonzero, then every later difference would be
nonzero aswell, and since eacha,, 2 + 1 > 2, theidentity would force |ag — a1| >
lag — ag| > |as — az| > - - - ,aninfinite strictly decreasing sequence of positive
integers — impossible. Hence a,, 12 = a, foralln :the odd-indexed terms are all
equal and the even-indexed terms are all equal, and any such choice of positive
integers works.

Therecursionthenreadsa; (1 + az) = a; + 2009, soaja; = 2009 = 72 - 41.
Among the factor pairs of 2009, the sumis smallest for41 - 49, giving41 + 49 = 90.



14. Fort = 1,2,3,4,define S; = 2350 at,wherea; € {1,2,3,4}.1fS; = 513 and

=1 "1
Sy = 4745, find the minimum possible value for Ss.

Solution:

Forj =1,2,3,4,letm; be the number of a; equal to 5. Then

my + my + mg + my = 350,
my + 2mo 4+ 3mg + 4my4 = 513,
mi + 16moy + 81mg

+ 256my = 4745.

Subtracting the first equation from the othertwo gives mgy + 2mg + 3my4 = 163 and
15ma + 80ms + 255m4 = 4395; subtracting 15 times the former from the latter
leaves 50mg + 210my4 = 1950, thatis, bmg + 21my4 = 195. Hence myis a

nonnegative multiple of 5, and only m4 = 0 and my4 = 5 keep everything
nonnegative, giving (m1, ms, ms, m4) = (226, 85,39,0) or (215,112, 18, 5).

Theseyield Sy = mq + 4ms +9ms + 16my = 917 and 905 respectively, so the
minimum s 905.



15. Intriangle ABC, AB = 10, BC' = 14,and CA = 16. Let D be a pointinthe interior
of BC. Let Iz and I denote the incenters of triangles ABD and AC D, respectively.
The circumcircles of triangles BIg D and CIo D meet at distinct points P and D. The
maximum possible area of A BPC can be expressedinthe forma — by/c, wherea, b,
and c are positive integers and cis not divisible by the square of any prime. Finda +
b+ c.

Solution:

Intriangle AB D theincentersatisfies /ZBIgD = 90° + 432‘4D,and likewise
/CIcD = 90° + %,so these two angles sumto 180° + éBzi.The law of
cosines givescos ZBAC = % = 1,50 ZBAC = 60° and the sumis 210°.
The second intersection point P lies on the opposite side of BC from the incenters
(were it on the same side, the two cyclic quadrilaterals would force ZBPC' = 210° >

180°). Then BIg D P and CI-D P are convex cyclic quadrilaterals, so

/BPC = /BPD + /DPC
= (180° — Z/BIgD)

+ (180° — ZCI¢D)

— 360° — 210° = 150°,

independent of D. Hence P moves along a fixed circular arc through B and C'.

The area of triangle BPC'is maximized at the midpoint of the arc, where BP = PC' =

z.The law of cosines gives 142 = 222 + /3 2%, soz? = % = 196 (2 — \/g) ,and



the areais %:132 sin 150° = 49 (2 — \/5) = 98 — 49+/3.Thusa + b+ c = 98 + 49 +

3 = 150.
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