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1. Mayalists all the positive divisors of 20102. She then randomly selects two distinct
divisors from thislist. Let p be the probability that exactly one of the selected divisors
is a perfect square. The probability p can be expressedinthe form %" ,wheremandn
arerelatively prime positive integers. Findm + n.

2. Findtheremainderwhen

9-99-999-.... 99...9
N——

is divided by 1000.

3. Supposethaty = %x and z¥ = y”.The quantity £ 4 y can be expressed as arational
number g,where r and s are relatively prime positive integers. Find r + s.



4,

Jackie and Phil have two fair coins and a third coin that comes up heads with
probability %. Jackie flips the three coins, and then Phil flips the three coins. Let % be
the probability that Jackie gets the same number of heads as Phil, where m and n are
relatively prime positive integers. Findm + n.

Positive integers a, b, ¢, andd satisfya > b > ¢ > d,a + b + ¢ + d = 2010, and
a? — b? 4+ ¢ — d? = 2010. Find the number of possible values of a.

Let P(z) be a quadratic polynomial with real coefficients satisfying

z? — 22 +2 < P(z)
<2z’ -4z +3

for all real numbers z, and suppose P(11) = 181.Find P(16).



7. Defineanorderedtriple (A, B, C) of sets to be minimally intersectingif | A N B| =
IBNC|=|CNA|=1and ANBNC = (.Forexample, ({1,2},{2,3},{1,3,4})
is aminimally intersecting triple. Let [N be the number of minimally intersecting
ordered triples of sets for which each setisasubset of {1,2, 3,4, 5,6, 7}. Find the
remainderwhen NN is divided by 1000.

Note: |S| represents the number of elementsinthe set S.

8. Forarealnumbera,let |a] denote the greatestintegerlessthanorequaltoa.Let R
denote the regionin the coordinate plane consisting of points (z, y) such that

2] + [y)* = 25.

Theregion R is completely containedin a disk of radius r (a disk is the union of a circle

anditsinterior). The minimum value of r can be written as @ ,wherem andn are

integers and m is not divisible by the square of any prime. Find m + n.

9. Let(a,b, c)beareal solution of the system of equations

3 — zyz =2,

Yy’ —xyz =6,

25 — xyz = 20.

The greatest possible value of a® + b3 + ¢ canbe writtenin the form % , where m and
n arerelatively prime positive integers. Findm + n.



10. Let N be the number of ways to write 2010 in the form

11.

12.

2010 = a3 - 10% + ay - 10?
—|—CL1 . 10+0,0,

where the a;’s areintegers,and 0 < a; < 99. Anexample of such arepresentationis
1-10343-10%+67- 10! +40 - 10°. Find N.

Let R be the region consisting of the set of points in the coordinate plane that satisfy
both |8 — z| + y < 10and 3y — x > 15. When R is revolved around the line whose

equationis 3y — x = 15, the volume of the resulting solid is %,where m,n,andp

are positive integers, m and n are relatively prime, and pis not divisible by the square
of any prime. Findm + n + p.

Letm > 3beanintegerandletS = {3,4,5, ..., m}.Find the smallestvalue of m
such that for every partition of S'into two subsets, at least one of the subsets contains
integers a, b, and c (not necessarily distinct) such thatab = c.

Note: a partition of Sis apairof sets A, Bsuchthat AN B = and AU B = S.



13. Rectangle ABC' D and a semicircle with diameter A B are coplanar and have
nonoverlappinginteriors. Let R denote the region enclosed by the semicircle and the
rectangle. Line £ meets the semicircle, segment E, and segment C'D at distinct
points N, U, and T, respectively. Line £ divides region R into two regions with areas in
theratiol : 2. Supposethat AU = 84, AN = 126,andUB = 168.Then D A canbe
represented as m4/n, where m andn are positive integers and n is not divisible by the
square of any prime. Findm + n.

14. Foreach positive integern, let f(n) = Zi(fl |log,(kn)|.Find the largest value of n

forwhich f(n) < 300.

Note: | z] is the greatest integerless than or equal to .

15. INnAABC with AB = 12, BC = 13,and AC = 15, let M be a point on AC such that
theincircles of AABM and A BC'M have equal radii. Let p and g be positive
relatively prime integers such that ‘é—% = §° Findp + q.
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