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1. Suppose that the measurement of time during the day is converted to the metric
system so that each day has 10 metric hours, and each metric hour has 100 metric
minutes. Digital clocks would then be produced that would read 9:99 just before
midnight, 0:00 at midnight, 1:25 at the former 3:00 AM, and 7:50 at the former 6:00 PM.
After the conversion, a person who wanted to wake up at the equivalent of the former
6:36 AM would set his new digital alarm clock for A: BC', where A, B, and C are digits.
Find 1004 + 10B + C.

Solution:

An ordinary day has 60 - 24 = 1440 minutes, and 6:36 AMcomes 6 - 60 + 36 = 396
minutes after midnight. Ametric day has 10 - 100 = 1000 metric minutes, so the
equivalent metric timeis

396
1440 1000 = 275

metric minutes after midnight, which the new clock displays as 2:75.

Therefore 1004 + 10B + C = 275.



2. Positiveintegers a and b satisfy the condition

log2(10g2a(log2b(21000))) = 0.

Find the sum of all possible values of a + b.

Solution:

Working from the outside in, log,(+) = 0forcesloga. (logy (21°%0)) = 1, s0
log,, (21000) = 22, 5021000 — (28)2" = 252" Hence

b-2%=1000 = 2% -125.

Sincea > 1andbis a positive integer, 2% must be one of 2,4, 8, giving (a, b) =
(1,500), (2, 250), (3,125). The sum of all possible values of a 4 bis 501 + 252 +
128 = 881.



3. Alarge candleis 119 centimeters tall. It is designed to burn down more quickly when it
is first litand more slowly as it approaches its bottom. Specifically, the candle takes 10
seconds to burn down the first centimeter from the top, 20 seconds to burn down the
second centimeter, and 10k seconds to burn down the k-th centimeter. Suppose it
takesT' seconds for the candle to burn down completely. Then % seconds afteritislit,
the candle’s height in centimeters will be h. Find 10hA.

Solution:
Burning the first & centimeters takes 10(1 + 2 4 - - - + &) = 5z(x + 1) seconds, so
T =5-119-120 = 71400and £ = 35700.

Setting 5z(z + 1) = 35700 gives z(x + 1) = 7140 = 84 - 85,s0 attime £ the
candle has burned down exactly 84 centimeters. Its heightish = 119 — 84 = 35, and
10h = 350.



4. Inthe Cartesianplanelet A = (1,0) and B = (2,24/3). Equilateral triangle ABC'is
constructed so that C'liesin the first quadrant. Let P = (x, y) be the center of

AABC.Thenz - y canbe written as prﬁ , Where pand r are relatively prime positive
integers and g is aninteger thatis not divisible by the square of any prime. Findp +
q+r.

Solution:

The midpoint of ABis M = (%, \/g) ,and AB = /1 4 12 = 4/13. The third vertex

lies atdistanceﬁ\/ 13 from M alon i i i A—B> = (1, 2v/3);
5 g adirection perpendicularto —( , 3),a

unit perpendicularis \/% (2\/§, —1). Taking the sign that lands in the first quadrant,
3
C=M+ g
(93
S \20 2

(the other choice has negative z-coordinate).

(2\/§a _1)

The center of an equilateral triangle is its centroid, the average of the vertices:

P <1+2+§ 0+2\/§+§>

3 ’ 3

(5 5V3
S \27 6 )7

Thenz -y =3 - 88 = B5Y3 o 4 g 47 =25+ 3+ 12 = 40.



5. Inequilateral AABC let points D and E trisect BC. Thensin(£/DAE) canbe

expressed in the form “T‘/l_’

aninteger thatis not divisible by the square of any prime. Finda + b + c.

,Where a and c are relatively prime positive integers, and bis

Solution:

Scale sothe sidelengthis 6,with BD = DE = EC = 2.Intriangle AEC, the law of
cosines gives

AE?> =62+22—-2.6-2cos60°
— 28,

so AE = 24/7,and AD = 2+/7 by symmetry.

Since D E'is one third of BC and triangles AD E and ABC share the apex A, we get

|[ADE] = 1[ABC]= 1. 3%/ = 3,/3 Onthe otherhand [ADE| = 1 - AD - AE

-sin(£/DAFE)= 14sin(£/DAE).

Thereforesin(£/DAFE) = 31—\{5, anda+b+c=3+3+ 14 = 20.



6. Findtheleast positiveinteger N such that the set of 1000 consecutive integers
beginning with 1000 - N contains no square of aninteger.

Solution:

The block {1000V, . .., 1000N + 999} misses all squares exactly when some
consecutive squares z2 and (z + 1)? jump overit, whichrequires (z + 1)? — 2% =
2z + 1 > 1000, sox > 500. In particular every block below 500 = 250000 contains
asquare, sowe search fromthere.

Write z = 500 + awitha > 0.Thenx? = 1000(250 + a) + a?,soaslongasa® <
1000 (thatis, @ < 31), the square z? liesin block 250 + a; these cover blocks 250
through 281. Block 251 + ais skipped exactly when

(z 4+ 1)% = 1000(250 + a) + a*
+ 2a + 1001
> 1000(252 + a),

thatis, a® + 2a > 999. Fora < 30 this fails (so (z + 1)%landsinblock 251 + a), and it
firstholdsata = 31, since 961 + 62 = 1023.

Indeed 5312 = 281961 and 5322 = 283024 straddle the block starting at 282000.
Theleastsuch Nis 251 + 31 = 282.



7. Agroup of clerksis assigned the task of sorting 1775 files. Each clerk sorts at a

constant rate of 30 files per hour. At the end of the first hour, some of the clerks are
reassigned to anothertask; at the end of the second hour, the same number of the
remaining clerks are also reassigned to another task, and a similar reassignment
occurs at the end of the third hour. The group finishes the sortingin 3 hours and 10
minutes. Find the number of files sorted during the first one and a half hours of sorting.

Solution:

Let n clerks start and k be reassigned at the end of each hour. In the final 10 minutes
eachremaining clerk sorts 5 files, so

30n + 30(n — k) + 30(n — 2k)
+5(n — 3k) = 1775,

which simplifies to 95n — 105k = 1775,0r19n — 21k = 355.

Modulo 19 thisreads —2k = 13,502k = 6andk = 3 (mod 19). Taking k = 3 gives

n= —3551363 = 22;the next candidate, k = 22, givesn = 43, forwhichn — 3k < 0.

Son = 22andk = 3.

Inthe first hour22 clerks sort 30 - 22 = 660 files, and in the next half hour 19 clerks sort
15 .19 = 285, foratotal of 660 + 285 = 945.



8. Ahexagonthatisinscribpedinacircle has side lengths 22,22, 20, 22,22, and 20 in that
order. The radius of the circle can be writtenasp + , /g, where pand g are positive
integers. Findp + q.

Solution:

Half a 20-chord gives sing = %,and the law of cosines on the isosceles triangle with

legs r and base 22 gives 222 = 2r%(1 — cosa),socosa = 1 — %. Equating,

242 10

r2
= 7?—10r — 242

=0,

sor = 5 4+ V267 (taking the positive root).
Thereforep + q = 5 + 267 = 272.



9. A7 X 1boardiscompletely coveredbym X 1 tiles without overlap; each tile may
cover any number of consecutive squares, and each tile lies completely on the board.
Eachtileis eitherred, blue, or green. Let N be the number of tilings of the 7 x 1 board
inwhich all three colors are used at least once. Forexample,al x 1redtile followed
bya2 x 1greentile,al x 1greentile,a2 x 1bluetile,andal x 1greentileisavalid
tiling. Note thatif the 2 x 1bluetileisreplacedbytwo 1 X 1bluetiles, thisresultsina
different tiling. Find the remainder when IV is divided by 1000.

Solution:

First count colored tilings when k colors are available. The first square’s tile can be
coloredin k ways, and each of the remaining 6 squares either extends the current tile
orstarts anew tile in one of the k colors, giving k 4+ 1 choices persquare. So there are
k(k + 1)%tilings.

With three colors thatis 3 - 4® = 12288 tilings. By inclusion-exclusion over the unused
colors, the numberusing all three colorsis

N=3-4-3.(2-39

+3-(1-2%
= 12288 — 4374 + 192
= 8106.

The remainderwhen N is divided by 1000 is 106.



10. Given acircle of radius \/ﬁ, let Abe apointatadistance4 + v/13 from the center O
of the circle. Let B be the point on the circle nearest to point A. Aline passing through
the point A intersects the circle at points K and L. The maximum possible area for
ABK L canbe writtenin the form a%fl‘/é ,Where a, b, c, and d are positive integers, a
and d are relatively prime, and cis not divisible by the square of any prime. Finda +

b+ c+d.

Solution:

The nearest point B lies on segment O A with OB = 1/13and AB = 4. Triangles
OK L and BK L share the base K L, and their heights are the distances from O and
B tothe line through A. Forany point P online O A, that distance is P A sin ¢, where
pisthe angle betweenthe twolines, so

[BKL] AB 4

[OKL] A0 4+ .13

Since OK = OL = /13, wehave [OK L] = 2 sin(ZKOL) < 2, withequality
when ZKOL = 90°. Suchachordlies at distance 4/ % from O, whichisless than

OA, soaline through A canachieveit.
The maximum area is

13 4
BKL =5 =
26 26(4—+/13)
S 4+v13 3
104 — 26v/13

3 :

soa+b+c+d=104+ 26 + 13 + 3= 146.



N. LetA ={1,2,3,4,5,6,7},andlet N be the number of functions f from set A to set
A suchthat f(f(x))isaconstantfunction. Find the remainder when N is divided by
1000.

Solution:

Say f(f(x)) = aforallz,andletS = {x : f(z) = a}.Pickinganyt € S, we get
a= f(f(t)) = f(a),soa € S.Everyxsatisfies f(z) € S (because f(f(z)) = a),
andifz ¢ Sthen f(z) # a,so f mapsthe complementof Sinto S \ {a}.
Conversely, any f built this way works.

If |S| = k, we choose the constantain 7 ways, the remaining k — 1 elements of S'in
(kﬁl) ways, and animagein S \ {a} foreachof the 7 — k otherelementsin (k —
1)"* ways. Hence

d 6 Tk
N=7Z(k_1)(k—1)

k=1

= 7(0 + 6 + 240 + 540 + 240 + 30 + 1)
= 7-1057 = 7399.

The remainderwhen N is divided by 1000 is 399.



12. Let S be the set of all polynomials of the form z3 + az? + bz + ¢, where a, b, and care
integers. Find the number of polynomialsin S such that each of its roots z satisfies
either|z| = 20or|z| = 13.

Solution:

A cubic withreal coefficients has either three real roots or onerealroot and a
conjugate pair. The only real numbers with modulus 20 or 13 are =20 and +£13, soin
the all-real case the roots form a multiset of size 3 from those 4 values: (g) =20
polynomials.

Otherwise therootsare k € {420, £13} and a conjugate pairr + siwith s # 0and
r2 4 s? = 400 or 169. Expanding

(z — k)(22 —2rz + (r* + 32))

shows the coefficients are —(2r + k), 72 + s? + 2rk,and —(r? + s?)k, which are all
integers exactly when 2r is aninteger. On the circle of radius 20 we need |r| < 20,
allowing 2r € {—39,...,39} : 79 choices; on the circle of radius 13, 2r €
{—25,...,25} :51 choices. With4 choices of k, that gives 4(79 + 51) = 520
polynomials, each distinct since the roots determine the polynomial.

Intotal there are 20 + 520 = 540 such polynomials.



13. nAABC, AC = BC, andpoint Dison BC sothat CD = 3 - BD. Let E be the
midpoint of AD. Giventhat CE = +/7and BE = 3,the areaof AABC canbe
expressed in the form m+/n, where m and n are positive integers and n is not divisible
by the square of any prime. Findm + n.

Solution:
Let AB = 2zand AC = BC =y,s0BD = {,CD = 37;1/,andcosB = Z (drop the

z
S y
altitude from C to the midpoint of AB). The law of cosines in triangle AB D gives

Both CE and BE are medians to AD, intriangles AC' D and ABD respectively. The
median formula4m? = 2b% + 2¢? — a2 gives

18y2
28 = 242 — AD?
YT 6
49y° 2
= —3
16
2y2
36 = 8x2 + =2 — AD?
xr° 4+ 16
2
Y
= bz® + =—.
xr° 4+ 16

From the second equation % = 36 — bz?; substituting into the first gives 49(36 —
5:1:2) — 322 = 28,5024822 = 1736, 22 = 7,and theny? = 16.

The altitude from C haslength \/y? — 2% = 3,sotheareais 5 - 2z - 3 = 3v/7,and
m-+n=3+47 = 10.



14. Forpositive integersnand k, let f(n, k) be the remainder when n is divided by k, and
forn > 1let
F(n) = max f(n,k).

1<k<2

Find the remainder when 271220 F'(n)is divided by 1000.

Solution:

Fork < % the quotient | 2] isatleast 2, so the remainder satisfies f(n, k) < n — 2k
aswellas f(n, k) < k — 1.Writen = 3m + rwithr € {0, 1, 2}. Dividingby k =

m + 1 gives quotient2andremainderm + 7 — 2,so F(n) > m+r — 2.
Conversely,fork > m + 1, f(n,k) <n — 2k < m+ r — 2,andfor smaller k the
bound f(n, k) < k — 1finishes the job:whenr = 2itgivesatmostm fork < m +
1;whenr = litgivesatmostm — 1fork < mj;andwhenr = Qitgivesatmostm —
2fork < m — 1,while k = mdivides 3m exactly, leaving remainder 0. Hence

F(3m) =m — 2,
F(3m+1)=m -1,
F(3m +2) =m.

Groupingn = 20,...,100astriples3m — 1,3m,3m + 1form =7,...,33 (note
F(3m —1) = F(3(m — 1) + 2) = m — 1), eachtriple contributes (m — 1) +
(m—2)+ (m—1)=3m —4,so

33
100
7+ 33) - 27
=3-( +33) —4.27

2
= 1620 — 108 = 1512.

The requested remainderis 512.



15. Let A, B, C be angles of atriangle with A and C' acute and B greater than aright angle
satisfying

cos’ A + cos’ B

15
+ 2sin Asin BcosC = ry

and

cos? B + cos® C

14
+ 2sin BsinC cos A = R

There are positive integers p, g, 7, and s for which

cos? C + cos® A
+ 2sinC'sin A cos B
_p—aVr

S

where p 4 g and s are relatively prime and r is not divisible by the square of any prime.
Findp+q+ 7+ s.

Solution:

Replacing eachcos®by 1 — sin2, the first equation becomes sin® A + sin® B
—2sin Asin BcosC = %. By thelaw of sines, sin A = 3% and so on, so the left side
equals

a? + b2 — 2abcos C B c?

4R? 4R?
— sin? C

by the law of cosines. Hence sinC=2- 1 = %.The same argument turns the
second equationinto sinA=2-— 5 = g, and shows the requested expression
equals 2 — sin? B.



Since Aand C'are acute,cos A = é andcosC = @,with sin A = % andsin C' =
‘/Ti.Then
sin B = sin(A4 + C)

2 V14 V5 V2

3 4 3 4

_ 2y/14 4 V10

B 12 ’
sosin? B — 6645321/% _ 33+742x/£_

Therefore 2 — sin? B = 111’7;\/%,andp+ q+r+s=111+4+ 35+ 72= 222.
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