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1. Abecanpainttheroomin 15 hours, Bea can paint 50 percent faster than Abe, and Coe
canpaint twice as fast as Abe. Abe begins to paint the room and works alone for the
first hour and a half. Then Beajoins Abe, and they work together until half the roomis
painted. Then Coe joins Abe and Bea, and they work together until the entire roomiis
painted. Find the number of minutes after Abe begins for the three of them to finish
painting the room.

v
Solution:
Abe paints == 900 of the room per minute, so Bea paints % . Wlo = 630 per minute and
21 9 _ 1
Coe paints g 900 — 150 Perminute.In the first 90 minutes Abe paints o~ 900 — 10 of the
room.

Abe and Bea together paint 9%0 + 6%% = 3—(:;0 per minute, and they must bring the total
from = upto whichtakes 2 .360 = 144 minutes. All three togetherpaint 3(1;0 +

ﬁ 200 perminute, so the rema|n|ng half of the room takes =+ 200 = 100 minutes.

The total timeis 90 + 144 + 100 = 334 minutes.



2. Arnoldis studying the prevalence of three healthrisk factors, denoted by A, B, and C,
within a population of men. For each of the three factors, the probability that a
randomly selected maninthe population has only this risk factor (and none of the
others)is 0.1. For any two of the three factors, the probability that arandomly
selected man has exactly these two risk factors (but not the third)is 0.14. The
probability that arandomly selected man has all three risk factors, given that he has A
and B, is % The probability that a man has none of the threerisk factors given that he
does not haverisk factor A is g, where p and g are relatively prime positive integers.

Findp + q.

Solution:

Take a population of 100 men and fillin a Venn diagram. Each of the three exactly-one
regions contains 10 men, and each of the three exactly-two regions contains 14. If

men have all three factors, then the menwith both A and B numberx + 14, so the

Z

given conditional probability says =i

= %,givingw =1.

The union of the three sets therefore contains 3 - 10 + 3 - 14 4+ 7 = 79 men, leaving
21 with norisk factor. The men with risk factor A number10 + 14 + 14 4+ 7 = 45, so
55 men do not have A.

The desired probability is %,Which isinlowestterms,sop + ¢ = 21 + 55 = 76.



3. Arectangle hassides of lengtha and 36. Ahinge isinstalled at each vertex of the
rectangle and at the midpoint of each side of length 36. The sides of length a can be
pressed toward each other keeping those two sides parallel so the rectangle
becomes a convex hexagon as shown. When the figure is a hexagon with the sides of
length a parallel and separated by a distance of 24, the hexagon has the same area as
the originalrectangle. Find a’.

o—0

Solution:

Inthe hexagon, each side of length 36 has folded at its midpoint into two bars of
length 18. The two sides of length a are 24 apart, so each bar spans a vertical distance
of 12 and hence a horizontal distance of 4/182 — 122 = /180 = 6+/5.

The line through the two midpoint hinges splits the hexagon into two congruent
trapezoids with parallel sidesa and a + 12v/5 and height 12, so the hexagon has area

5. 0t (a+12V5)
2
= 24a + 144V/5.

-12

Setting this equal to the rectangle’s area 36a gives 12a = 144\/3, soa = 12v/5and
2
a® = 720.



4. Therepeating decimals 0.ababab and 0.abcabcabe satisfy

_ 33
0.ababab + 0.abcabcabe = 37

where a, b, and c are (not necessarily distinct) digits. Find the three-digit number abc.

Solution:

Writing ab and abc for the two- and three-digit numbers, the decimals equal % and
gTbg. Since99 =9 11and 999 = 27 - 37, the common denominatoris 27 - 37 - 11 =
10989, and multiplying the equation by it gives

111 -ab+ 11 - abc
33

= — - 10989
37

= 9801.

Modulo 11, since 9801 = 11 - 891 and 111 = 1, thisforces 11 | ab,soa = b.Then
ab = 11a, anddividing the equationby 11 gives 111a + abc = 891. Since abc =
110a + c, thisis 221a + ¢ = 891, whichrequiresa = 4andc = T7.

Thusa = b = 4,c = 7,and the three-digit number abcis 447.



5. Realnumbersand sareroots of p(z) = x* + ax + b,andr + 4and s — 3 areroots
of g(z) = z* + ax + b + 240. Find the sum of all possible values of |b|.

Solution:

2

Both cubics have zero x“ coefficient, so theirroots sumto 0 : the thirdroot of pist =

—r — s,andthe thirdrootof gis —(r +4) — (s — 3) = t — 1. The coefficientof z is
ainboth, so

rs + st +tr

=(r+4)(s—3)
+(s—=3)(t—1)
+(t—1)(r+4),

which simplifiestot = 4r — 3s + 13.

The constantterms giveb = —rstandb + 240 = —(r +4)(s — 3)(t — 1),s0240 =
rst — (r+4)(s — 3)(t — 1),i.e.rs — 4st + 3tr — 3r +4s + 12t — 252 = 0.
Substitutingt = 4r — 3s + 13 reducesthisto 12 [(r — s)® + 7(r — s) — 8] = 0,s0
r—s=1orr—s=-8.

lfr —s=1,thent =4r —3s+ 13 =r +16andt = —r —s = —2r 4+ 1,sor =
—b5 :therootsare —5, —6,11,andb = —rst = —330.1fr — s = —8,thent =r —
11 = —2r — 8,sor = 1 :therootsare 1,9, —10,and b = 90. The requested sumis
330 + 90 = 420.



6. Charleshastwo six-sided dice. One of the dice is fair, and the other die is biased so
thatit comes up six with probability %, and each of the other five sides has probability
1—15. Charles chooses one of the two dice atrandom androlls it three times. Given that
the first two rolls are both sixes, the probability that the third roll will also be a six is fl—’,

where p and q are relatively prime positive integers. Find p 4+ q.

Solution:
The desired conditional probability is

Pr(three sixes)
Pr(first two are sixes)
1(2\3 1 (13

_ () T3 ()

EIOEEION

since each dieis chosen with probability % and the fair die shows a six with probability
1

6-

+ L) = 17 sothe

1 (8 1) _ 65 i is 1
The numeratoris 5 (— + ) +=5 and the denominatoris 3 ( 36 ok

2 \27 216/ — 432 2

ilityig 82 . 72 _ 65
probabilityis 435 * 77 = 153-

Since65 =5-13and102 = 2 - 3 - 17 sharenofactor,p + q = 65 4+ 102 = 167.

Ol



7. Letf(z) = (2 + 3z + 2)COS(M) . Find the sum of all positive integers 1 for which

=1.

Z logy, f(k)
k=1

Solution:
Sincecos(mk) = (—1)*andk? + 3k +2 = (k + 1)(k + 2),wehave f(k) =
k
[(k+1)(k+ 2)](71) . The sum of the logarithms is the log of the product [ [_; f(k),

which telescopes: consecutive factors m and (k + 2)(k + 3) leave only
boundary terms.
Forevenn the productis géj : EZﬁg = 212 andforoddnitis g:g: : EZE; = 2(n1+2) .The

absolute value of the log equals 1 exactly when the productis 10 or 1—10.

Forevenn, ”T” = 10 givesn = 18;foroddn,2(n + 2) = 10 givesn = 3.The
requestedsumis 18 + 3 = 21.



8. Circle C withradius 2 has diameter AB. Circle D is internally tangent to circle C at A.
Circle Fisinternally tangent to circle C, externally tangent to circle D, and tangent to
AB. Theradius of circle D is three times the radius of circle E and can be written in the
form y/m — n, where m and n are positive integers. Find m + n.

Solution:

Let C, D, E also name the circles’ centers, let s be the radius of circle E, so circle D
has radius 3s, and let F'be the foot of E on AB.TangencygivesCE =2 — s, DE =
3s + s = 4s,and EF = s, while D lieson ABwith DC = 2 — 3s.

Right triangles CEF and DEF give CF = +/(2 — 5)? — 8= v/4 — 4sand DF =
\/(45)? — 82 = s4/15.Since F'is on the opposite side of C from A, we have DF =
DC + CF,so

sv15 = (2 — 3s) + V4 — 4s.

Moving 2 — 3s to the left and squaring gives 24s% — 8s = 21/15 5 (2 — 3s),i.e.
125 — 4 = /15 (2 — 3s);squaring againyields 95> + 84s — 44 = 0,505 =
M.The radius of circle Dis 3s = 4v/15 — 14 = /240 — 14,andm + n =
240 + 14 = 254.



9. Tenchairsare arrangedin acircle. Find the number of subsets of this set of chairs that
contain at least three adjacent chairs.

Solution:

The full set of 10 chairs qualifies; count the others by locating each maximal run of at
least three adjacent chosen chairs at its clockwise start. Any such subset contains a
block of four consecutive chairs thatis empty-chosen-chosen-chosen. There are 10
positions for this block, and the remaining 6 chairs are free, giving 10 - 26 = 640.

This counts once for each maximal run of length at least 3. Two such runs require at
least 3 + 3 chosen chairs plus two gaps, so three runs are impossible, and subsets
with exactly two runs are counted twice. To have two runs, place two disjoint empty-
chosen-chosen-chosen blocks: % = 15 ways (the second block fits in 3 positions
among the remaining 6 chairs), with the last 2 chairs free, for 15 - 22 = 60 subsets.

The totalis1 + 640 — 60 = 581.



10. Let z be a complex number with | z| = 2014. Let P be the polygonin the complex
plane whose vertices are z and every w such that —— = £ 4 L. Thenthe area
enclosed by P can be writtenin the form n\/g, where nisaninteger. Find the

remainder whenn is divided by 1000.

Solution:

Multiplying =~ = 1 + L by zw(z + w) giveszw = (z + w)?,i.e. 22 + zw + w? =
Z+w z w

0. Multiplyingby z — wyields 23 — w? = 0,sow = wzorw = w?z,wherewisa
primitive cube root of unity (and both indeed satisfy the original equation).

2

Thus P is the equilateral triangle with vertices z, wz, w*z, inscribed in the circle of

radius 2014. Its areais

33
T\f (2014)% = 3. 10072V/3,

son = 3-1007% = 3042147.
The remainder whenn is divided by 1000 is 147.



N. nARED,RD =1,/DRFE = 75°and ZRED = 45°. Let M be the midpoint of
segment RD. Point C lies onside ED suchthat RC | EM.Extendsegment DE
through E to point AsuchthatCA = AR.Then AE = “_—c\ﬁ’ ,wWhere a and care
relatively prime positive integers, and bis a positive integer. Finda + b + c.

Solution:
Since ZRDE = 180° — 75° — 45° = 60°, place D = (0, 0) with E on the positive x
-~axis,so R = (1 \/_g) .The law of sines gives DE = :1312 = \/ﬁfl,andM =

272
1 V3
4) 4 )
V3
4

i _ V3 : 1123 .
The slope of EM is T 1+2\/§,SO|IneRC has slope V. .Descending from R
3

by @ to the x-axis moves us left by 1+;\/§ — 6‘/2‘3’2_3,300 — (c, 0) withe = % _
6v3-3 _ 7-3V3

22 -
For A = (t,0),the conditon CA = ARreads (t — c)? = (t — %)2 + %,Whichis

L’ _ 9+4V3 Tpep

linearint :t = =, = =13
3+1
AE:t—f;_
_ 18+8vV3-11v3-11
o 22
T—-3V3 727
o2 22

soa+b+e=7+27+ 22 = 56.



12. Suppose that the angles of A ABC satisfy cos(3A) + cos(3B) + cos(3C) = 1.Two
sides of the triangle have lengths 10 and 13. There is a positive integer m so that the
maximum possible length for the remaining side of AABC'is v/m. Findm.

v/
Solution:
Using1 — cos 3A = 2sin® 3A and cos 3B + cos 3C' =2 cos 3(3;0) CcoS @,
togetherwith 2=——* (B+C) 270o — sothat cos (B+C) —sin 34 the condition
becomes
0 =2sin %
. (sm + cos 3(B; C))
= 2sin 3;1
. (cos @ — cos @)
= 4sin % sin % sin %
Foranangle X of atriangle, % lies strictly between 0° and 270°, so sin % =0

exactlywhen X = 120°. Hence one angle of the triangle is 120°.

The remaining side is longest when the 120° angle sits between the sides of lengths 10
and 13 (if 120° were opposite one of them, the remaining side would be shorter than
that side). By the law of cosinesits lengthis v/10%2 + 132 + 10 - 13 = v/399,som =
399.




13. Ten adults enteraroom, remove their shoes, and toss theirshoesinto a pile. Later, a
child randomly pairs eachleft shoe with aright shoe without regard to which shoes
belong together. The probability that for every positive integer k < 5, no collection of
k pairs made by the child contains the shoes from exactly k of the adults is %‘ , Where
m and n are relatively prime positive integers. Find m + n.

Solution:

The child’s pairing matches left shoe j with right shoe 7 (j) for a uniformly random
permutationm of {1,...,10}. Acollection of k pairs uses k left and k right shoes, so it
involves exactly k adults precisely when those adults’ indices are closed under m —
thatis, when the collectionis a union of cycles of . The condition therefore says 7 has
no cycle of lengthless than 5.

The cycle lengths must partition 10 into parts of size atleast 5 : either one 10-cycle or
two 5-cycles. There are 9! ten-cycles, and % (150) (41)? = %! permutations that are
products of two 5-cycles.

The probability is

som+n=3+25=28.



14. nNABC,AB =10, £A = 30°,and ZC' = 45°.Let H, D, and M be pointsonline
BC'suchthat AH 1 BC,/BAD = /CAD,and BM = CM. Point N is the
midpoint of segment H M, and point Pisonray AD suchthat PN 1 BC. Then
AP? = % , where m andn arerelatively prime positive integers. Findm + n.

Solution:

Letray AD meet the circumcircle of AABC againat E. Since AD bisectsangle A,
the point E is the midpoint of arc BC, so F lies on the perpendicular bisector of BC
and projects onto line BC at M. The projections of the collinear points A, P, E onto
line BC'are H, N, M, and projection preserves ratios along a line; since NV is the
midpoint of H M, point P is the midpoint of AE.

Here /B = 105°,and Z/CBFE = Z/CAE = 15° (bothsubtend arc CE), so
/ABE = 120°.Also ZAEB = /ACB = 45° (both subtend arc AB). The law of
sinesin AABE gives

sin /ABE

sin /AEB
sin 120°

=10 —
sin 45°
— 54/6.

AE = AB -

Therefore AP = %AE = #,SOAPz = 7—25andm—|—n =75+4+2=17T.



15. Foranyintegerk > 1,let p(k) be the smallest prime which does not divide k. Define
the integer function X (k) to be the product of all primes less than p(k) if p(k) > 2,
and X (k) = 1ifp(k) = 2.Let{x, } be the sequence defined by zy = 1,and
Zn1X (z,) = x,p(x,) forn > 0.Find the smallest positive integer t such that z; =
2090.

Solution:

List the primesinorderas py = 2, p1 = 3,p2 = 5, ....Everyx, issquarefree, soitis
described by the set of primes dividing it, and we claim this set encodes nin binary: if
n =Y, di2'withd; € {0,1},thenz, = [], p.

Indeed, suppose x,, = HZ pfi andlet j be the smallestindexwithd; = 0.Then
p(z,) = pj,and X (x,) = pops - - - pj—1is exactly the product of the primes for the
trailing 1-bits (with X (z,,) = 1whenj = 0). So

Ln Pj
PopL- - Pj1

Lp+1 =

removes the trailing ones andinserts p; — precisely adding 1 in binary. Since zg = 1
corresponds to 0, induction proves the claim.

Now 2090 = 2 -5-11 - 19 = pgp2p4p7, Which corresponds to binary digits at
positions 0,2,4, 7. Hencet = 20 + 22 + 24 1 27 = 149,
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