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1. Let N betheleast positive integerthatis both 22 percent less than oneintegerand 16
percent greater than anotherinteger. Find the remainderwhen NN is divided by 1000.

Solution:

The conditionssay N = %a = %a and N = %b = %bforsomeintegersaand b.
Since gcd (39, 50) = 1, the first equation forces 50 | a, so N is amultiple of 39; since

gcd(29, 25) = 1,the second forces 25 | b, so N is amultiple of 29.

The least positive integer divisible by bothis N = 39 - 29 = 1131, achieved witha =
1450 and b = 975. The remainder upon division by 1000is 131.
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Ina new school 40 percent of the students are freshmen, 30 percent are sophomores,
20 percent arejuniors, and 10 percent are seniors. All freshmen are required to take
Latin, and 80 percent of the sophomores, 50 percent of the juniors, and 20 percent of
the seniors elect to take Latin. The probability that arandomly chosen Latin studentis
asophomoreis %, where m and n are relatively prime positive integers. Find m + n.

Solution:

Assume the school has 100 students. The Latin students are then 40 freshmen,
30(0.8) = 24 sophomores, 20(0.5) = 10juniors, and 10(0.2) = 2 seniors, for a total
of 76.

The probability that arandom Latin studentis a sophomoreis % = 1%, som-—+n =

6 + 19 = 25.

Let m be the least positive integer divisible by 17 whose digits sumto 17. Find m.

Solution:

Every numberis congruent toits digit sum modulo 9, som = 17n must satisfy 17n =
17 (mod 9),thatis8n = 8 (mod 9),whichgivesn =1 (mod 9).

Checking the candidatesinincreasingorder:n = 1,10, 19 give 17,170, 323, with
digit sums 8 each, butn = 28 gives 17 - 28 = 476 withdigitsum4 4+ 7 + 6 = 17.So
m = 476.
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Inanisosceles trapezoid, the parallel bases have lengths log 3 and log 192, and the
altitude to these bases has lengthlog 16. The perimeter of the trapezoid can be
writtenin the formlog 2739, where p and q are positive integers. Find p + gq.

Solution:

Dropping altitudes from the ends of the short base, eachlegis the hypotenuse of a
right triangle whose legs are the altitude log 16 = 4 log 2 and half the difference of
the bases, %(log 192 — log 3) = % log 64 = 3log 2. By the 3-4-5ratio, eachleg has
length 5 log 2.

The perimeteris
log3 +1og 192 + 2 - 5log 2
= log(3 - 192) + log 2°
= log(2°3%) + log 2'°
= log 21932,

sop+q=16+ 2 = 18.



5. Twounitsquares are selected at random without replacement fromann X n grid of
unit squares. Find the least positive integer n such that the probability that the two

selected squares are horizontally or vertically adjacentisless than ﬁ.

Solution:
Each of the nrows containsn — 1 horizontally adjacent pairs, so there are n(n — 1)
2 2/,.2
horizontal pairs and likewise n(n — 1) vertical pairs. Out of (7 ) = w equally
likely pairs, the probability of adjacency is
2n(n—1)-2 4

n?(n?—-1) nn+1)

We need n(n + 1) > 4 - 2015 = 8060. Since 89 - 90 = 8010and 90 - 91 = 8190,
the least suchnis 90.



6. Stevesaystolon, “lam thinking of a polynomial whose roots are all positive integers.
The polynomial has the form P(z) = 2z3 — 2az? +(a® — 81)z — cforsome positive
integers a and c. Canyou tell me the values of a and ¢?”

After some calculations, Jon says, “There is more than one such polynomial.”

Steve says, “You'reright. Here is the value of a.” He writes down a positive integer and
asks, “Canyou tell me the value of ¢?”

Jonsays, “There are stilltwo possible values of ¢.”

Find the sum of the two possible values of c.

Solution:

a?—81

Dividingby 2,therootsr < s < tsatisfyr + s+t = a,rs + rt + st = =

rst = % Therefore

,and

r’+ s 4+t

= (r+s+1t)> —2(rs + rt + st)
=a® — (a® — 81)

= 81.

The triples of positive integers whose squares sumto 81 are (1, 4, 8), (4,4, 7), and
(3,6,6),witha = r + s + tequalto 13,15, and 15. Since knowing a still left Jon two
choices, a = 15, and the two polynomials come from (4,4, 7) and (3, 6, 6).

The correspondingvaluesof c = 2rstare2-4-4 -7 =224and2-3-6 -6 = 216,
with sum 224 + 216 = 440.



7. Triangle ABC hassidelengths AB = 12, BC = 25,and C'A = 17.Rectangle
PQRS hasvertex Pon AB, vertexQ on AC, and vertices Rand S on BC. In terms of
the side length PQ) = w, the area of PQQ RS can be expressed as the quadratic
polynomial

Area(PQRS) = aw — B - w’.

Thenthe coefficient 8 = ™, where m and n are relatively prime positive integers. Find
n
m 4+ n.

Solution:

By Heron’s formulawith s = 27, the areaof ABCis+/27 -2 -10 - 15 = /8100 = 90,

so the altitude from A to BC haslength h = % = 3—56.

Since PQ || BC, triangle APQ is similarto ABC with ratio o¢ » SO the distance from A
downtoline PQis 5z h,and the rectangle’s heightis PS = h — szh.The areais

w~h<1— E)
25
—36w 36 w2
5 125

Thus 8 = %,andann: 36 + 125 = 161.



8. Letaandbbe positive integers satisfying ab:bl <3 3. The maximum possible value of
3 3
L Jggl |s B where pand q are relatively prime posmve integers. Findp + q.

Solution:

313
Ifa =1orb=1,then ‘Zgb;ggl = 1.Soassumea, b > 2. Clearing denominators, the

hypothesis says 2ab + 2 < 3a + 3b, and multiplying by 2 and rearranging gives
(2a — 3)(2b — 3)
= 4ab — 6a — 6b+ 9 < 5.

Fora,b > 2bothfactors are positive odd integers, so up to symmetry the only
optionsare (a, b) = (2,2) and (2, 3) (both of which do satisfy the original inequality,
while (3, 3) gives the product9).

The values are % for (2,2) and 820 = 20 — 31 for (2, 3). The largeris 2, sop +
g=31+5=36.




9. Acylindrical barrel with radius 4 feet and height 10 feet is full of water. A solid cube with
side length 8 feetis setinto the barrel so that the diagonal of the cube is vertical. The
volume of water thus displaced is v cubic feet. Find v2.

Solution:

The displaced volume equals the volume of the part of the cube lying below the plane
of the barrel’s rim. By symmetry that regionis a tetrahedron cut from the bottom
corner of the cube: three mutually perpendicular edges of equal length £ along the
cube’s edges, capped by an equilateral triangle in the rim plane. The equilateral cross-
sectionisinscribedinthe rim circle of radius 4, so its side lengthis 4+/3, and therefore

£=52 =26

Taking one of therightisosceles faces as the base, the volume is

Thusv = 8+v/6andv? = 64 - 6 = 384.



10. Callapermutationai,as, . ..,a, of theintegers1,2,...,nquasi-increasingif ar <
ari1 + 2foreachl < k < n — 1.Forexample, 53421 and 14253 are quasi-
increasing permutations of theintegers 1, 2, 3,4, 5, but 45123 is not. Find the number

of quasi-increasing permutations of theintegers 1,2, ..., 7.
v
Solution:
Let S, be the number of quasi-increasing permutationsof 1, ..., n.Insertninto a
quasi-increasing permutationof1,...,n — 1 : the entry following n must be atleast

n — 2,son cangoimmediately beforen — 1,immediately beforen — 2, orat the
very end — exactly 3 positions, and each insertion keeps every other adjacent
conditionintact.

Conversely, deleting n from a quasi-increasing permutationof1,...,nleavesa
quasi-increasing permutationof 1,...,n — 1, since the entries around the deletedn
satisfyap_ 1 <n—1< a1 +2whenn > 3.50S, =35, 1forn > 3.

Since Sy = 2,wegetS; = 2-3° = 486.



1. The circumcircle of acute A ABC has center O. The line passing through point O
perpendicularto OB intersects lines AB and BC at P and Q, respectively. Also
AB =5,BC = 4,BQ = 4.5,and BP = ™ where m and n are relatively prime
positive integers. Findm + n.

Solution:

The central angle over BC'is ZBOC = 2/ A, and OB = OC makes triangle OBC
isosceles, so ZOBC = 90° — ZA. Intriangle OBQ the angle at O is 90°, hence

/BQP = 90° — ZOBQ
= 90° — (90° — LA)
= /A.

Triangles BQ P and BAC share the angle at Bandhave ZBQP = ZBAC,sothey
. .. BP _ BQ
are similar, giving 5= = &4 - Therefore

_ BQ-BC

BP
BA

andm +n =18 + 5 = 23.



12. There are 2'% = 1024 possible 10-letter strings in which each letteris eitheran A or a B.
Find the number of such strings that do not have more than 3 adjacent letters that are
identical.

Solution:

The condition says every maximal run of identical letters has length at most 3. Let s,,
count the valid strings of length n whose first letteris A; by symmetry the answeris
2510- Removing the firstrun (of length 1, 2, or 3) leaves a valid shorter string beginning
with B, so

Sn = Sp—1 1+ Sp—2 + Sp—3.

Startingfroms; = 1,89 = 2,83 = 4,thesequenceruns 7,13, 24,44, 81, 149, 274,
SO 810 = 274.

The number of valid stringsis 2 - 274 = 548.



13. Define the sequence ay, as,as, . ..bya, = Y., _, sin(k), where k represents radian
measure. Find the index of the 100th term for which a,, < 0.

Solution:

Multiplying eachterm by 2 sin % and using 2 sin k sin % = CoS (k: — %)

— COS (k + %) , the sum telescopes:
cos% — COS (n + %)

a1
251112

Soa, < 0exactlywhencos (n + %) > COS %,which happens exactly whenn + % is
within % of amultiple of 27 :

1 1
27Tm—§<n+§

< 27rm+%,

2rm — 1 < n < 2mm.

Eachinterval (27rm — 1, 27rm) has length 1 and contains exactly one integer, namely
|27mm |.

Hence the 100th negative term hasindex | 2007 |. Since 3.14 < m < 3.145, we have
628 < 2007 < 629, so the indexis 628.



14. Let x and y be real numbers satisfying z*y® + y*z® = 810and z3y% + y32% = 945.
Evaluate 2z° + (zy)3 + 2y3.

Solution:

The equations factoras zty*(z + y) = 810and z3y3(z3 + y3) = 945. Withs =
x +yandp = zy,usingz3 + y* = s(s? — 3p), they become p*s = 810and
p3s (82 — 3p) = 945. Dividing,

s2 —3p 945
p 810
7
_— 6’
SO
65> = 25p.
. 2, , 4
Substitutingp = 5 intop*s = 810 gives (%) s? = 810,s0's” = 81021-6_1352235325 =
%,which means s° = %.Thenps — 62% — 15andp® = 2525 - 54
Finally

22° + (zy)® + 2y°
= 2(s® — 3ps) + p’

:2<%—45)+54

= 35 + 54 = 89.



15. Circles P and Q have radii 1 and 4, respectively, and are externally tangent at point A.
Point BisonP and point C'is on Q so that line BC'is acommon external tangent of
the two circles. Aline £ through A intersects P againat D andintersects Q again at E.
Points B and C' lie on the same side of £, and the areas of ADBA and AACE are
equal. Thiscommon areais % , where m and n are relatively prime positive integers.
Findm + n.

Solution:

Place line BC onthe z-axis, so the centersare P = (0,1) and Q = (4, 4) (their
distanceis1 + 4 = 5),with B = (0,0),C = (4, 0), and the tangency point A =
P+3i(Q-P)= (%, %) . The homothety centered at A withratio —4 carries P to Q
and Dto E,s0 AE = 4 AD.Since [DBA] = ;AD - d(B,{) and [ACE] = 1 AE -
d(C,?),the equal-area conditionisd(B, ) = 4d(C, £) with B and C on the same

side of £.

Write fasu (z — £) +v (y — ) = 0.Its signed values at B and C are — 2452 and

—16“5_8” , SO the same-side ratio-4 conditionreads — (4u + 8v) = 4(16u — 8v), giving
24v = 68u,i.e.v = 1%U.Taking (u,v) = (6,17),thelineis 6z + 17y = 32.

Thend(B, {) = \/%,and the center P = (0, 1) is at distance \/% from £, so the

chordgives AD = 24/1 — gj—g = \/%.The common areais



20 32

1
2 /325 /325
320 64

325 65’

som-+n =64+ 65=129.
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