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1. Twodifferent points, C'and D, lie on the same side of line AB so that AABC' and
ABAD are congruentwith AB =9, BC = AD = 10,andCA = DB = 17.The
intersection of these two triangularregions has area %,where m andn are relatively
prime positive integers. Findm + n.

Solution:

Place A = (0,0)and B = (9,0).FromCA = 17and BC' = 10, solvingz? + y? =
289 and (z — 9)? + y* = 100 gives C' = (15, 8). The congruence AABC =
ABAD swaps Aand B, so D is the reflection of C' across thelinexz = %, namely
D = (-6,8).

Apointliesin triangle ABC exactly when itis on orabove AB, on B's side of line AC,
and on A’s side of line BC'; similarly for triangle BAD. Inthe overlap the binding
constraintsarey > 0, line AC, andline BD, so the intersectionis the triangle with
base ABandapexE = AC N BD.Line ACisy = ?—"’5” andline BDisy = _8(w—9),

15
whichmeetat £ = (%, 15—2) .

The areais

som-+n=2>54+5=59.



2. lilypads1,2,3,...lieinarowonapond.Afrogmakes asequence of jumps starting
onpad 1. Fromany pad k the frogjumps to eitherpad k 4+ 1 orpad k + 2 chosen
randomly with probability % and independently of otherjumps. The probability that the
frogvisits pad 7is g,wherepand q are relatively prime positive integers. Find p 4 q.

v

Solution:

Let p;, be the probability that the frog visits pad k. The frog lands on pad k in exactly
one of two disjoint ways: it visits pad k — 1 and jumps +1 from there (if it jumps +2,
pad kis skipped forever), orit skips pad k — 1 entirely, which requires visiting pad k —
2 andjumping +2 fromit, landing on pad k. Hence

Pr = %Pk—l + %Pk—m
=1 p=3.

lterating: p3 = %,p4 = g,p5 = %—é,pa = %,andm = é—Z.Sincegcd(43,64) = 1,the
answeris43 + 64 = 107.



3. Findthe number of 7-tuples of positive integers (a, b, ¢, d, e, f, g) that satisfy the
following system of equations:

abc = 70,
cde =71,
efg="T2.

Solution:

Since 71lis prime,incde = 71 one of the three factorsis 71 and the other two equal 1.
But cdivides abc = 70 and edividesefg = 72,and 71 divides neither 70 nor 72. So
c=e=1landd = 71.

The systemreducestoab = 70 and fg = 72. Each divisora of 70 determines b, giving
7(70) = 8 ordered pairs, and likewise 7(72) = 12 ordered pairs (f, g). The total is 8 -
12 = 96.



4. Astandard six-sided fairdieisrolled fourtimes. The probability that the product of all
fournumbersrolledis a perfect squareis % , Where m and n arerelatively prime
positive integers. Findm + n.

Solution:

The productis a perfect square exactly when each of the primes 2, 3, and 5 appears
with even exponent. Only aroll of 5 contributes the prime 5, so the number of 5sis
even: 0, 2, or4. Classify the other values by the parities of theirexponentsof 2and 3 :
rolls of 1 and 4 contribute (0, 0), a 2 contributes (1, 0), a3 contributes (0,1),and a6
contributes (1, 1). The exponent of 2is eveniff the count of 2s plus the count of 6sis
even, and similarly for 3s and 6s, so a collection of non-5 rolls works exactly when the
counts of 2s, 3s, and 6s are all even or all odd.

With no 5s, all four rolls come from {1, 2, 3,4, 6}. All-even cases: no 2s, 3s, or 6s gives
24 = 16 sequences (eachrollis 1 or 4); exactly two of a single kind gives 3 - 2?—'2, .

22 = 72: two of each of two kinds gives 3 - 2?—'2, = 18; four of one kind gives 3. All-odd
case: one 2, one 3, one 6, and onerollfrom {1, 4} gives 4! - 2 = 48. Subtotal 16 +

72 + 18 + 3 + 48 = 157. With two 5s, choose their positionsin (‘21) = 6 ways; the
other two rolls must lie in the same parity class, giving22 + 1 4+ 1 + 1 = 7 ordered

pairs, for42 sequences. With four 5s there is 1 sequence.

Intotal 157 + 42 + 1 = 200 of the 6* = 1296 sequences work, so the probability is
B = 1%,andm + n = 25 + 162 = 187.



5. Fourambassadors and one advisor for each of them are to be seated at around table
with 12 chairs numberedin order 1 to 12. Each ambassador must sitin an even-
numbered chair. Each advisor must sitin a chairadjacent to his orherambassador.
There are N ways for the 8 people to be seated at the table under these conditions.
Find the remainderwhen N is divided by 1000.

Solution:

The six even chairs form a cycle (chair 12 is adjacent to chair 1), and each odd chair lies
between two consecutive even chairs. The ambassadors occupy 4 of the 6 even
chairs, and each advisor must take one of the two odd chairs flanking their
ambassador, with all choices distinct. For a maximal block of k consecutive occupied
even chairs, the k occupants choose among the k 4+ 1 odd chairs touching the block;
recording each choice asleft orright, a conflict occurs exactly when someone picks
right and their neighbor picks left, so the valid patterns are the strings of Ls followed
by Rs: k + 1 of them.

Now case on the two empty even chairs among the six positions. If they are adjacent (
6 ways), the occupied chairs form one block of 4, giving 5 patterns. If they are
separated by one chair (6 ways), the blocks have sizes 1 and 3, giving2 - 4 = 8
patterns. If they are opposite (3 ways), the blocks have sizes 2and 2, giving3 - 3 = 9
patterns. The number of seat configurationsis6 -5+ 6 -8 +3 -9 = 105.

Finally, the four ambassador-advisor pairs can be assigned to the four chosen even
chairsin4! = 24 ways,so N = 105 - 24 = 2520, and the remainder modulo 1000 is
520.



6.

In a Martian civilization, all logarithms whose bases are not specified are assumed to
be base b, forsome fixed b > 2. A Martian student writes down

3log(y/zlogx) = 56
loglogw(m) =94

and finds that this system of equations has a single real number solutionz > 1. Find b.

Solution:

Lety = log;, z. By the change-of-base formula,

logy x
1 =BT
Oglogx(m) log, (logy, x)
__Y _ 54,
log, y
solog, y = . Thefirstequationsays 3 (% log, = + log; (log;, w)) = 56, thatis, £ +
56

log,y = 3.
Substltutlnglogby = Lgivesy + L =30 502 — 5 andy = 36.Thenlog, 36 =

31°% 5y
gi 2 sob3 = 36andb = 362 = 216.



7. Triangle ABC hassidelengths AB = 120, BC' = 220,and AC' = 180. Lines {4, 43,
and {¢ are drawn parallelto BC', AC', and AB, respectively, such that the
intersections of £ 4, £, and £ with the interior of A ABC are segments of lengths 55,

45, and 15, respectively. Find the perimeter of the triangle whose sides lie onlines £ 4,
KB, and EC.

Solution:

Forapoint P,let a be the distance from P to line BC divided by the length of the
altitude from A, and define B (to C A) and vy (to AB) similarly; thenax + 8 + v = 1 for
pointsinside, since [PBC] + [PC A] +|PAB] = [ABC]. Achord parallel to BC at
level a cuts off a triangle at A similarto ABC withratio 1 — a, soits lengthis 220(1 —
a).The chord of length 55 gives 1 — a = }l,sofA isthelinea = %;similarly45 =
180(1 — B) putsfpat B = 3,and 15 = 120(1 — 7) puts g aty = {.

Along any line parallel to BC, the coordinate 3 varies linearly, and on the chord at level
ainside the triangle, 8 runs over aninterval of length 1 — a: while the chord has length
220(1 — «); hence asegment parallel to BC with endpoints differing by A8 has
length 220 |AS|. The side of the new triangle on £ 4 runs from £4 N £p, where § = %,

toly Nlc,wheref =1—32 — I = —2 itslengthis

220 3+5 = 220 11
4 8) 8

Since the three lines are parallel to the sides of ABC', the triangle they bound is similar
to ABC, here withratio . Its perimeteris & (120 + 220 + 180) = & - 520 = 715.



8. Thepolynomial f(2) = az?"1® + b22017 + 22016 has real coefficients not exceeding
2019,and f <1+T‘/§’) = 2015 + 2019+/3i. Find the remainder when f (1) is divided
by 1000.

v/
Solution:
letw = H%/gi = cos 60° + i sin 60°, a primitive sixth root of unity. Since 2016 = 6 -
336, we getw?90 = 1, w2017 = w, and wW?*® = W? = _HT‘@.Therefore

flw) = aw® +bw +c

()
j atbvs +2b)\/§i.

Matchingimaginary parts, %’ = 2019,s0a + b = 4038.Sincea < 2019andb <
2019, thisforcesa = b = 2019. Matchingreal parts thengivesc + 0 = 2015,soc =
2015.

Hence f(1) = a + b + c¢= 4038 + 2015 = 6053, whose remainder upon division by
1000is 53.



9. Callapositive integern k-pretty if n has exactly k positive divisors and n is divisible by
k.Forexample, 18is 6-pretty. Let S be the sum of the positive integers less than 2019
that are 20-pretty. Find %.

Solution:

Weneed20 | nand7(n) = 20. Writen = 2°5°m with gecd(m, 10) = 1;thena > 2,
b>1l,and(a+1)(b+ 1)7(m) = 20witha + 1 > 3andb + 1 > 2.Thefactora +
1 must be adivisor of 20 thatis atleast 3 : one of 4, 5,10, 20.

Ifa +1 = 4,then (b+ 1)7(m) = 5forcesb = 4,m = 1,son = 235 = 5000, too
large.lfa + 1 = 10,thenb = 1,m = 1,andn = 2° - 5 = 2560, too large. The case
a + 1 = 20isimpossible becauseb + 1 > 2.1fa + 1 = 5,then (b + 1)7(m) = 4,
givingeitherb = 3,m = 1,son = 245% = 2000 < 2019,0rb = 1and7(m) = 2,s0
m = pisaprimeotherthan2andbandn = 80p < 2019,i.e.p < 25:p €
{3,7,11,13,17, 19, 23}.

Therefore
S = 2000

+ 803 +7+114+13+ 17+ 19 + 23

= 2000 + 80 - 93
= 9440,

S _
and 20 = 472.



10. Thereis aunigue angle 8 between 0° and 90° such that for nonnegative integers n, the
value of tan(2"0) is positive whenn is a multiple of 3, and negative otherwise. The
degree measure of @ is %, where p and q are relatively prime positive integers. Find

p+q.

Solution:

Since tan has period 180°, only 2”60 mod 180° matters: the tangent is positive on
(0°,90°) and negative on (90°, 180°). Suppose 8 satisfies the condition, and let 8’ be
the reduction of 8¢ modulo 180°; since tan(86) > 0, we have 8’ € (0°,90°). For
everyn,2"¢’ = 2”30 (mod 180°), and the sign pattern for the exponents n + 3 is
the same as forn, so &' also satisfies the condition. By uniqueness, §’ = 0,s070 = 0
(mod 180°) and 6§ = @ degreesforsomek € {1, 2, 3}.

Testeach: fork = 1,20 = 3¢ ~ 51.4° has positive tangent — fails. Fork = 2,460 =

7
—14$0 = % ~ 25.7° has positive tangent — fails. Fork = 3,60 = 5470 ~ T77.1° :then

20 ~ 154.3° and 46 = 128.6° are bothin (90°,180°),and 86 = 6, so the pattern
positive, negative, negative repeats forever.

Thus @ = %0 degrees,andp + q = 540 4+ 7 = 547.



1. Triangle ABC hassidelengths AB = 7, BC = 8,and C A = 9. Circle wq passes
through B andis tangent to line AC at A. Circle ws passes through C' and is tangent to
line AB at A. Let K be theintersection of circles w; and wy not equalto A. Then
AK = % , where m and n arerelatively prime positive integers. Findm + n.

Solution:

By the tangent-chord angle in wq (tangent AC, chord AK), /K AC = ZKBA,and
inws (tangent AB,chord AK), /KAB = /KCA. Writeu = ZKAC andv =
LKAB,sou+ v = £A.Triangles K AB and KC Athenhave /ZKAB = v =
/KCAand/KBA=u=/KAC,soAKAB ~ AKCA.Witht = AK this
gives

KB t AB
t KC CA 9O
soKB:%andKC:%.AISOAAKBzZAKC’:180°—u—v:1800—
/A, s0/BKC = 360° — 2(180° — ZA) = 2/A.

2

From the law of cosinesin ABC,cos A = 4948164 _ 11 5,559 4 — 2 (L1)° _
’ 279 1 21

1=-— % .The law of cosinesintriangle BK C gives
2 2
64 = 4::; + Si; — 2t? cos 24
5 2401 + 6561 + 3582
- 3969
12544 ¢
3969

64-3969 __ 3969 andt = 63 _ 9

12544 — 196 14— 3°
HenceAK=%andm+n:9—|—2:11.

sot? =




12. Forn > 1callafinite sequence (a1, as, . . ., a,) of positive integers progressive if
a; < a;11anda; dividesa;,1forl <1 < n — 1.Findthe number of progressive
sequences such that the sum of the terms in the sequence is equal to 360.

Solution:

Divisibility is transitive, so every term of a progressive sequence is a multiple of the first

term. If a sequence with sum 360 has length at least 2 and first term d, thend | 360,

and dividing the remaining terms by d yields a progressive sequence with first term at
360—d __ 360

least2and sum =,— = <~ — ; this correspondenceis reversible. Soif g(s)

denotes the number of progressive sequences with sum s and first term atleast 2, the
360
answeris 1 + > 1360 4<360 9(*7"

The same reduction gives the recursion

— 1) , theleading 1 counting the sequence (360).

with g(1) = 0;inparticular g(s) = 1 when sis prime. Working upward: g(2) =
9(3) =9(4)=9(5) = 9(7) = 1L;,9(6) =1+ g(2) = 29(8) =1+ g(3) = 2;
( ) =1+9(2) =29(10) =1+ g(4) = 2;9(12) =1+ g(5) + 9(3) + 9(2) =
;9(14) =1+ g(6) = 3;9(16) = 1+ g(7) + g(3) = 3;9(21) = 1+ g(6) +
( ) =4;9(35) =14 9(6) + g(4) = 49(39) = 1 + g(12) + g(2) = 6;9(44) =
1+ g(21) + g(10) +9¢(3) = 8;9(119) = 1 + ¢(16) + g(6) = 6.
The 23 divisors d < 360 give arguments 3730 —1=2359,179,119,89,71,59,44, 39,
35,29,23,19,17,14,11,9,8,7,5,4,3,2, 1, whose g-values are 1,1,6,1,1, 1, 8, 6,
4,1,1,1,1,3,1,2,2,1,1,1,1, 1,0, summing to 46. Adding the single-term sequence
gives46 + 1 = 47.



13. Regularoctagon A1 A3 A3 A4 A5 Ag A7 Agisinscribedinacircle of area 1. Point P lies
inside the circle so that the region bounded by P—Al, P—142, and the minor arcA/lA\z of
the circle has area %,while the region bounded byP_Ag, P_A4, and the minorarc A/3A\4
of the circle has area %. Thereis a positive integern such that the area of the region
bounded byP—Aﬁ, P—A7, and the minorarc A/6A\7 of the circleis equal to % — % Find
n.

Solution:

Let O be the center, s the side length, a the apothem, and u; the unit vector from O
toward the midpoint of chord A; A; 1. The regionbounded by PA;, PA;,1,and the

arcis the circular segment together with triangle PA; A; 1. The segment has area

% — % (sectorminus triangle O A; A; 1), and the triangle at P has area %(a — P -w;),

sincea — P - u;isthe distance from P to the chord. Adding,

1 S

area; = ¢ — o (P - u;).
Thegivenareassay £(P-u1) = 3 —2 = —zzand$(P-u3) = 3 — § = =.The

normals rotate 45° per side, so ug is u1 rotated 90°, and ug, five steps fromwu1, is u1
rotated 225° :

V2

Ug = —7 (u1 + U3).

Therefore



14.

The region on side Ag A7 thus has area% — 50@1, son = 504.

Find the sum of all positive integers . such that, given an unlimited supply of stamps of
denominations 5,n,andn + 1 cents, 91 centsis the greatest postage that cannot be
formed.

Solution:

Using k stamps of the denominations n andn + 1 produces exactly the amounts

kn + cfor0 < ¢ < k,and adding 5-cent stamps then covers everything above in the
same residue class mod 5. Soin each class 7 every amount at least m(r) is formable
and nothing smaller is, where m(r) is the least value of kn + ¢ (0 < ¢ < k) congruent
tor mod 5. The greatest non-formable amount is max, m(r) — 5, so we need

max, m(r) = 96 : the class of 96 (whichis 1 mod 5) must be covered first exactly at
96, and every other class no later.

Caseonn mod 5,notingkn +c = kn + c.Ifn = 4 :class1 needs 4k + ¢ = 1 with
c < k,firstpossibleatk = 4,c = 0,so04n = 96 andn = 24, the otherclasses are
coveredat 24,48, 72, alllessthan96,son = 24 works. Ifn = 2 : class 1is first

coveredatk = 2,c = 2,s02n + 2 = 96 andn = 47; the otherclasses are covered
at47,48,94 < 96,son = 47 works.

Ifn = 3 :class1firstat2n = 96,son = 48, but then class 2 is first covered at 2n +
1 =97 > 96 —fails.Ifn = 1 :class 1 firstatn = 96, but then class 3 is first covered
at2n +1 =193 —fails.Ifn = 0 :class1firstatn + 1 = 96,son = 95, butclass4
needsc = 4,k > 4, giving4n + 4 > 96 —fails. The answeris 24 4+ 47 = 71.



15. Inacute triangle ABC', points P and () are the feet of the perpendiculars from C' to
AB and from Bto AC, respectively. Line PQ intersects the circumcircle of AABC'in
two distinct points, X and Y. Suppose XP = 10, PQ) = 25,and QY = 15.The

value of AB - AC canbe writtenin the form m+/n, where m and n are positive
integers, and nis not divisible by the square of any prime. Find m + n.

Solution:

Writeb = AC,c = AB,a = BC,andk = cos A.Righttriangles APC and AQB
give AP = bk and AQ = ck, so triangle APQ) is similar to triangle ACB withratio k,
whence PQ) = ak = 25.The pointsontheline occurintheorder X, P, @, Y, sothe
power of P gives XP - PY = 10-40 = 400= AP - PB, andthe power of () gives
YQ -QX =15-35=525= AQ - QC.Withu = bkandv = ck theseread

u(c — u) = 400,
v(b—v) = 525,

thatis, w — u? = 400 andw — v* = 525, wherew = % = bck.

By the law of cosines, a? = b? + ¢? — 2bck, so a’k? = u? + v? — 2uvk = 625.
Substitutingu? = w — 400 andv? = w — 525, anduv = wk, gives 2w — 925 —
2wk? = 625,sowk? = w — 775.Then

(uv)? = w?k?
= w(w — 775)
= (w — 400)(w — 525),

which simpliﬁes to 150w = 210000, sow = 1400 and k? = 140-1 = 28,

Thusk = 2\/— and

2114
— = 1400 -
k 5

= 560114,

bc:

som+n =560+ 14 = 574.
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