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1. Five menand nine women stand equally spaced around a circleinrandom order. The
probability that every man stands diametrically opposite awomanis % , where m and
n are relatively prime positive integers. Findm + n.

Solution:

The 14 positions splitinto 7 diametrically opposite pairs. Only the set of positions
occupied by the men matters, and all (151) = 2002 five-element sets are equally likely.
Every man stands opposite a woman exactly when no pair contains two men, so
choose which b of the 7 pairs contain aman ((;) = 21 ways) and which position of

each chosen pairthe man occupies (2° = 32 ways), for21 - 32 = 672 favorable sets.

The probabilityis 222 = 18 som 4 n = 48 + 143 = 191.



2. Positiverealnumbers b £ 1 and n satisfy the equations
\/@ = log, v
and
b-log, n = log,(bn).

The value of nis %,Wherej and k are relatively prime positive integers. Find j + k.

Solution:

z

Letxz = log, n.The first equation says /= = log, n 5
x = 4.1fz = Othenn = 1, and the second equationwouldread 0 = log, b = 1,

1 2
2 sox = %, givingz = Qor

impossible; sox = 4.

The second equationsays bz = log, b + logyn = 1 + z,504b = 5andb = 2.Then

5\* 625
4 [(2) _ 920
"’_b_(4) 256

whichisinlowest terms,so j + k = 625 + 256 = 881.



3. Aplane contains40lines, no 2 of which are parallel. Suppose that there are 3 points
where exactly 3 lines intersect, 4 points where exactly 4 lines intersect, 5 points where
exactly 5 lines intersect, 6 points where exactly 6 lines intersect, and no points where
more than 6 lines intersect. Find the number of points where exactly 2 lines intersect.

Solution:
Since no two of the 40 lines are parallel, every two lines cross, giving (420) = 780 pairs
of lines, and each pair meets at exactly one point. A point where exactly k lines meet

accounts forexactly (’2“) of these pairs.

The given points account for3(§) + 4(;1) +5 (g) + 6(2) =9+24+50+90=173
pairs of lines. Each remaining pair meets at a point where exactly 2 lines intersect, one
point per pair, so there are 780 — 173 = 607 such points.



4. Thesum of all positive integers m such that %‘ is aperfect square can be written as
203%5¢7911°13/  where a, b, ¢, d, e, and f are positive integers. Finda + b+ ¢ + d +
e+ f.

Solution:
Since13! =210.35.52.7.11-13, avalidm = 2%3Y5?7*11%13" must leave every
exponent of %" even:z € {0,2,4,6,8,10},y € {1,3,5},z € {0,2},andw = u =

v =1.

The choices are independent, so the sum of all such m factors as

(1+4+---+1024)
- (34 27 + 243)
(1+25)-7-11-13
— 1365 - 273 - 26 - 1001.

Since1365 =3-5-7-13,273=3-7-13,26 = 2-13,and 1001 = 7 - 11 - 13, the
sumequals 2'132517311'13% anda+b+c+d+e+ f=1+2+1+3+1+4
= 12.



5. Let P be apointonthe circle circumscribing square ABC' D that satisfies PA -
PC =56and PB - PD = 90.Findthe areaof ABCD.

Solution:

Let the circle have center O andradius R,with A = (R,0),B = (0, R),C =

(-R,0),D = (0,—R),and P = (Rcos#, Rsinf).Then PA%* = 2R*(1 — cos 6)
and PC? = 2R?(1 + cosf),so PA - PC = 2R?|sin | = 56. Inthe same way PB -
PD = 2R?| cos 0| = 90.

Squaring and adding, 4R* = 562 4+ 90% = 11236, s02R? = /11236 = 106. The

2
square has diagonal 2R, hence area @ = 2R? = 106.



6. Alice knows that 3 red cards and 3 black cards will be revealed to her one at atimein
random order. Before each cardisrevealed, Alice must guess its color. If Alice plays
optimally, the expected number of cards she will guess correctly is % ,Wherem andn
are relatively prime positive integers. Findm + n.

Solution:

Whatever Alice guesses, the deck evolves the same way; only the immediate success
probability depends on herguess, soitis optimal to guess a color with the most cards
remaining. Let E(r, b) be the expected number of correct guesses from a state with r
red and bblack cardsleft. Then E(r,0) = r, E(0,b) = b,and

max(r,b)
r+b
rE(r —1,b)
_|_
r+b
bE(r,b—1)
+ .
r+b

E(r,b) =

By symmetry E(r,b) = E(b, r). Computing upward E(1,1 3 JE(2,1) = 2
2-3+42 3 ;
1 —1E2,2)=}+1=¥ E(3 1) =3+ 3288 %,E(?»,z) S+

13

: ;2. L ﬁ,andﬁnaIIyE(3,3) =3 + U 18 _ 411_(1).

andm +n =41+ 10 = 51.

_|_

So the expected number of correct guesses is 4 10 ,



7. Callapositive integern extra-distinct if the remainders whennis divided by 2, 3, 4, 5,
and 6 are distinct. Find the number of extra-distinct positive integers less than 1000.

Solution:

Write 7, for the remainder of n modulo k, and note 7o = r4 (mod 2),79 = 7g

(mod 2),andr3 = rg (mod 3).Ifry = 0 :thenryisevenand different fromrs, so
r4 = 2;thenrgis evenand avoids {0, 2}, sorg = 4, whichgivesrg = 1; finally 75
avoids {0, 1,2,4},sor; = 3. Thesesayn = —2moduloeachof2,3,4,5,6,i.e.n =
58 (mod 60).

If ro = 1 :similarlyr4 = 3,thenrg = 5, givingrs = 2,andrs avoids {1, 2, 3,5}, so
r5 € {0,4}.Thechoicer; = 4givesn = —1 (mod 60),i.e.n = 59;the choice

r5 = 0givesn = 11 (mod 12)with5 | n,i.e.n = 35 (mod 60).

Below 1000 there are 17 integers congruent to 35, 16 congruentto 58, and 16
congruent to 59 modulo 60, foratotalof 17 + 16 4+ 16 = 49.



8. Rhombus ABCD has ZBAD < 90°.Thereis apoint P ontheincircle of the rhombus
such that the distances from P to thelines DA, AB,and BC'are 9,5, and 16,
respectively. Find the perimeter of ABC'D.

Solution:

The distances from aninterior point to the parallel lines D A and BC' add up to the
distance between them, the height of the rhombus Sotheheightis9 + 16 = 25, and
theincircle, tangentto bothhnes has radlus 5. Centertheincircle at the or|g|nW|th
DA: y= %andBC. Yy = —— ThenPhasy coordlnate— —9= 2,andar: +

(%)2 = (%)2givesw = +12.

Letaw = LBAD.Line AB istangentto the incircle and makes angle a with the
horizontal, so (orienting the figure suitably) itiszsina + ycosa = — 225 ,andinterior
points saUsfya:smoz +ycosa + £ > 0.The condition dlst(P AB) = 5reads
rsina+ Lcosa+ 2 =5. Forw = 12theleft side exceeds £,soz = —12,and
the equat|on becomes 24sina — 7cosa = 15.

2 = 1yields 625 sin? o —
24 sin a—15

Substituting 7 cos @ = 24 sin & — 15intosin? o + cos
720sina+176 = 0,sosina = %or T5c - Theroot o 125 2 makescosa = -
negative, contradicting ZBAD < 90°.Sosina = £, the sidelengthis 22~ = 12

sin 47
and the perimeteris4 - %5 = 125.



9. Findthe number of cubic polynomials p(z) = z3 + ax? + bx + ¢, wherea, b,and c
areintegersin{—20,—19, —18,...,18,19, 20}, such that there is a unique integer

m # 2withp(m) = p(2).

Solution:

Since p(m) — p(2) does notinvolve ¢, each valid pair (a, b) contributes 41
polynomials. Factoring,

p(z) — p(2) = (z — 2)q(=),
g(z) =2’ + (a+2)z
+ (2a + b+ 4),

so we need the quadratic factor g(z) to have exactly one integer root different from 2.
If ¢ has any integer root, its other root is also an integer (their sum —(a + 2) is an
integer); if ghas no integerroot, then no m exists at all. So either g hasroots 2 and k
with k # 2, oradoubleroot k # 2.

Roots2and k : Vieta’'sformulas givea = —4 — kand b = 4k + 4. The constraint
—20 < b < 20forces —6 < k < 4(andthenaisautomatically inrange), so excluding
k = 2leaves 10 pairs. Doublerootk :herea = —2k — 2andb = k? + 4k,andb <
20forces —6 < k < 2, allvalid fora, so excluding k = 2 leaves 8 pairs.

Thatis 18 pairs (a, b), hence 18 - 41 = 738 polynomials.



10. There exists aunique positive integer a for which the sum
2023\ a2 _ o
7=3 )
is aninteger strictly between —1000 and 1000. For that unique a, finda + U.

(Note that LazJ denotes the greatestintegerthatisless thanorequalto x.)

Solution:

. 2023 p?— .
Ignoring the floors, Znozf Eone = 2 (>-n* —a " n) vanishes exactly whena =

2
2 2202341 _ 1349 aninteger. For any otherinteger a the raw sum has absolute

dn 3
value at least % Yon = M ~ 409455, while taking floors changes the total by

less than 2023, so onlya = 1349 can put U strictly between —1000 and 1000.

Witha = 1349, eachtermis ”LL;)”_"" withr,, = (n? — 1349n) mod 5,s0U =
—2 > 7. Since 1349 = 4 (mod 5),we haven® — 1349n= n(n + 1) (mod 5),
whoseresiduesforn = 0,1, 2,3,4are0, 2,1, 2,0, summing to 5 per block of five.
With2023 = 5 - 404 + 3, theleftovertermsn = 1, 2, 3contribute2 +1 4+ 2 = 5, s0

S r, = 405 - 5 = 2025.

SoU = —&525 = —405, whichindeed lies strictly between —1000 and 1000, and

a—+ U = 1349 — 405 = 944.



1. Find the number of subsetsof {1, 2,3, ..., 10} that contain exactly one pair of
consecutive integers. Examples of such subsets are {1,2,5}and {1, 3,6,7,10}.

Solution:

First, the number of subsets of a block of m consecutive integers containing no two
consecutive elements s the Fibonaccinumber F},, o (with F; = F5 = 1):
conditioning onwhether the last elementis used gives the Fibonaccirecursion, and
the countsstart1,2, 3,5, ...

Suppose the unique consecutive pairis {k, k + 1} forsome1 < k < 9.The
remaining elements must exclude k — 1 and k + 2 (either would create a second

consecutive pair) and must contain no consecutive pairwithin{1,...,k — 2} or
within{k 4+ 3,...,10}, blocks of sizes k — 2and 8 — k. So the count for this k is F}, -
Fio--

Summingoverk =1,...,9:

9
Y FyFig =34+ 21+ 26
k=1

+24+25+24
+ 26 + 21 + 34
= 235.



12. Let AABC be an equilateral triangle with side length 55. Points D, E/, and F'lie on
BC,CA,and AB, respectively, with BD = 7, CE = 30,and AF = 40. Point P
inside A ABC has the property that

/AEP = /BFP = /CDP.

Findtan?(Z/ AEP).

Solution:
Place B = (0,0),C = (55,0), A = (% %ﬁ) sothatD = (7,0), E =

(40, 15\/§),andF = (%, %ﬁ) .Let @ be the common angle andletuy, us, us be

the unit vectorsinthe directionsC — A, A — B, B — C —thedirectionsfrom
toward A, from F' toward B, and from D toward C'. Splitting P — Eintoits
component along u; and its component perpendicular to side C A, whose lengthis
the distance d; from P toline C' A, the angle conditiongives (P — E) - u; =

d cot @; similarly (P — F) - ug = ds cot@and (P — D) - ug = d3 cot 6.

Now add all three relations. Since u; + us + ug = 0(the directed sides of a triangle
551/3

R
Withu; = (—%,@) Uy = (—%,—@) ,andug = (1,0),wegetE-u; = 3, F -

u, = —15,andD -u3 = 7,s0

553 cotfd = — (g—15+7)

close up), P drops out, and by Viviani's theoremd; + ds + d3 equals the height

2
1

Hence cot 6 = ?\1@ = ﬁ,sotamz(lAEP) = (5\/3)2 = 75.



13. Eachface of two noncongruent parallelepipedsis arhombus whose diagonals have
lengths \/ﬁ and \/ﬁ The ratio of the volume of the larger of the two polyhedra to the
volume of the smalleris %‘ ,where m and n are relatively prime positive integers. Find
m + n.Aparallelepipedis a solid with six parallelogram faces such as the one shown

=

Arhombus with diagonals v/ 21 and v/ 31 has side 274:_[ + 3741 = /13, sothe three

edge vectorsu, v, w all have squaredlength 13. In the face spanned by u and v the
diagonals areu + v, with |u &= v|*> = 26 4+ 2 u - v;matching {21, 31} givesu - v =
:I:g,and likewise for the other two pairs.

below.

Solution:

The squared volume is the Gram determinant

13 =z y
VZ=det | 2z 13 =z
y =z 13
= 2197 — 13(z* + 3 + 2?)
+ 2zyz
975
= 2197 — —
4
+ 2xyz

withz,y, 2 € {:I:g} .Negating an edge vector flips the signs of two of x, y, 2, so only

the sign of xyz matters: 2zxyz = i%‘r’, giving V? = % or @.



The ratio of the volumesis 4/ % =4/ % = %,alreadyinlowestterms,som+
n =63 + 62 = 125.



14. The following analog clock has two hands that can move independently of each other.

Initially, both hands point to the number 12. The clock performs a sequence of hand
movements so that on each movement, one of the two hands moves clockwise to the
next number on the clock face while the other hand does not move.

Let IV be the number of sequences of 144 hand movements such that during the
sequence, every possible positioning of the hands appears exactly once, and at the
end of the 144 movements, the hands have returned to theirinitial position. Find the
remainderwhen NN is divided by 1000.

Solution:

Record the hands as an ordered pair (a, b) € Zqs X Zq9;eachmovementreplaces
(a,b)by(a+ 1,b)or(a,b+ 1),soavalid sequenceis a closed tour through all 144
positions — equivalently, a choice, at each position, of which hand moves next. Sort
the positionsinto 12 rows accordingto b, andlet S, C Z15 be the set of a-values at
which the tourleaves row b (a b-move). Ab-move fromrow b — 1 entersrow b at the
same a-value, and the tour then runs through consecutive a-values until its next exit.
Forthese runs to coverrow b exactly once they must partition Zi9, which forces each
entry point to sit one step past anexit: S,_1 = Sp + 1. Inparticular every Sy has the
same size c,and S, = Sy — b.

Leaving row b at its i-th exit (in cyclic order) leads to arun ending at the (7 + 1)-st exit
ofrowb + 1 : each b-move advances the row index by 1 modulo 12 and the exit index
by 1 modulo c. The tour therefore closes afterlcm(12, ¢) b-moves, while a full tour
must use all 12c exits, so the touris a single cycle through all 144 positions precisely



whengcd(c, 12) = 1. Conversely, every choice of Sy with ged(|.Sp|, 12) = 1yields
exactly one valid movement sequence from the starting position.

12 12

V= <1>+<5)
12 12
() (1)
=12+ 792 + 792

+12 = 1608,

Hence

and the remainderwhen N is divided by 1000 is 608.



15. Find the largest prime numberp < 1000 for which there exists a complex number z
satisfying

e thereal andimaginary part of z are both integers;

*|z| = ,/p,and

o there exists a triangle whose three side lengths are p, the real part of z?’, and the
imaginary part of z3.

Solution:

Write 2 = a + biwitha? + b* = p,sop = 2orp = 1 (mod 4), and the pair {|a/, |b|}
is thenunique. Replacing z by -2z, £z, 12, =22 only changes the real and imaginary
parts of 23 by signs and swaps, so we may takea > b > 0, and the two candidate side
lengths are | Re 23| and | Im 23|. Expanding 2% = (a3 — 3ab?) + (3a%b — b®)iand
factoring,

Re 23 + Im 2°
= (a — b)(p + 4ab),
Re z® — Im 2°

= (a + b)(p — 4ab).

The triangle exists exactlywhen || Re | — |Im || < p< | Re| + [Im |, and those two
quantities are, in some order, the absolute values above. Since a > bforces (a —
b)(p + 4ab) > p,the whole conditionreducesto (a + b) |[p — 4ab| < p.

Becausea + b > va? + b*> = /p, thisrequires A = |p — 4ab| < ,/p. The bound
p=a’+b*><1000givesl < b < a < 31.Foreachb < 21, substitutingp = a® +
b%into

(a® + b* — 4ab)® < a® + b



and checkingtheintegersb < a < 31leavesonly

(a,b,p,A) = (4,1,17,1),
(7,2,53,3),
(15,4,241,1),
(18,5,349, 11).

(Thisis also a direct finite sieve for every possible prime representation, ratherthana
search over anunlisted set of primes.) The corresponding values of (a + b) A are

5,27,19, 253, respectively, all below p; no other pair even passes the necessary
weaker inequality. Thus the largest possible prime is 349.

Indeed for z = 18 + 5iwe get 2% = 4482 + 47354, and the lengths 349, 4482, 4735
formavalid triangle. The answeris 349.
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