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1. Kate bakesa20-inchby 18-inch pan of cornbread. The cornbread is cutinto pieces
that measure 2 inches by 2 inches. How many pieces of cornbread does the pan

contain?
A 90
B 100
c 180
D 200
E 360
Solution:

The whole panhas area20 x 18 = 360 squareinches. Each pieceis2 X 2 = 4 square

inches. So the number of piecesis 360 — 9. Thus, Ais the correct answer.
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2. Samdrove 96 milesin 90 minutes. His average speed during the first 30 minutes was 60
mph (miles per hour), and his average speed during the second 30 minutes was 65
mph. What was his average speed, in mph, during the last 30 minutes?

A 64
B 65
cC | 66
D 67
E 68
Solution:

Eachlegis half an hour. In the first, Sam drove 60 - % = 30 miles;inthe second, 65 -
% = 32.5 miles. That’s 62.5 miles so far. That leaves 96 — 62.5 = 33.5 miles for the

last half hour, whichiis a speed of 332
2

= 67 mph. Therefore, the answerisD.



3. Intheexpression(_ X _) 4 (_ X _)eachblankis to be filled in with one of the digits
1,2, 3, or4, with each digit being used once. How many different values can be

obtained?
A 2
B 3
c 4
D 6
E 24
Solution:

Orderinside a product doesn’t matter, and neither does the order we add the two
products. So all that mattersis how the four digits splitinto two pairs. There are three
splits:1:2+3-4=14,1-3+2-4=11,and1 -4+ 2 -3 = 10. That’s 3 different
values. Thus, Bis the correct answer.



4. Athree-dimensionalrectangular boxwith dimensions X, Y, and Z hasfaces whose
surface areas are 24, 24, 48,48, 72, and 72 square units. Whatis X + Y + Z7?

A 18
B 22
c 24
D 30
E 36
Solution:

The three distinct face areas are the pairwise products XY =24, XZ =48,Y Z =
72in some order. Multiply all three: (XY Z)? = 24 - 48 - 72 = 82944,50 XY Z =

288. Now divide by each face area. We get Z = % =12,Y = % =6,and X =

% =4,s0X +Y + Z = 22.Therefore, the answeris B.



5. Howmany subsetsof{2,3,4,5,6,7,8,9} contain at least one prime number?

A 128
B 192
c 224
D 240
E 256
Solution:

Count the complement. The set has 28 = 256 subsets total. A subset avoids every
prime exactly when it sticks to the non-primes {4, 6, 8,9}, and there are 2* = 16 of
those. S0 256 — 16 = 240 subsets contain at least one prime. Thus, D is the correct
answer.



6. Aboxcontains b chips, numbered 1, 2, 3,4, and 5. Chips are drawnrandomly one at a
time without replacement until the sum of the values drawn exceeds 4. What is the
probability that 3 draws are required?

1
A —_
15
1
B —_
10
c 1
6
1
D —_
5
1
E —_
4
Solution:

We need a third draw exactly when the first two chips still sumto 4 or less. The only
suchunordered pairsare {1, 2} and {1, 3}. Each can be drawnin either order, giving 4
favorable ordered prefixes.

Imagine that a complete random ordering of all five chipsis choseninadvance. Then
all5 - 4 = 20 ordered first-two-chip prefixes are equally likely, even when the actual
process would stop after the first chip. Thus the probability is % = % . Therefore, the
answerisD.



7.

Inthe figure below, N congruent semicircles are drawn along a diameter of alarge
semicircle, with their diameters covering the diameter of the large semicircle with no
overlap. Let A be the combined area of the small semicircles and B be the area of the
regioninside the large semicircle but outside the small semicircles. Theratio A : Bis
1:18.Whatis N?

A 16
B 17
c 18
D 19
E 36
Solution:

Let each small semicircle have radius r. The N diameters cover the big diameter, so
the largeradiusis Nr.Then A = N - %ﬂrz,and the large semicircle has area
sm(NT)?, sothe leftoverregionis B = mr?(N? — N).Thisgives A: B = N :
N(N—-1)=1:(N —1).SetN —1=18,and N = 19.Thus, Dis the correct

answer.



8. Saramakes a staircase out of toothpicks as shown:

Thisis a 3-step staircase and uses 18 toothpicks. How many steps wouldbeina
staircase that used 180 toothpicks?

A 10
B 11
c 12
D 24
E 30
Solution:

In an n-step staircase the vertical toothpicks number (1 +2+--- +n) + n=
@ + m, and there are just as many horizontal ones. That's a total of n(n + 1) +

2n = n(n + 3).Check:n = 3 gives 18, asit should. Now solve n(n + 3) = 180. This
factorsas (n — 12)(n + 15) = 0,son = 12. Therefore, the answeris C.



9. Thefaces of each of 7 standard dice are labeled with the integers from 1to 6. Let pbe
the probability that when all 7 dice are rolled, the sum of the numbers on the top faces
is 10. What other sum occurs with the same probability p?

A 13
B 26
C 32
D 39
E 42
Solution:

Replace eachdie’svalue kby 7 — k. This pairs up outcomes one-to-one and keeps
their probabilities, andit sends atotalof sto7 - 7 — s = 49 — s. So the sums s and
49 — s are equally likely. The partnerof 10is49 — 10 = 39. Thus, Dis the correct
answer.



10. Inthe rectangular parallelepiped shown, AB = 3, BC = 1,and CG = 2.Point M is
the midpoint of FG. What is the volume of the rectangular pyramid withbase BCHE
and apex M?

H M @G
ET 71\ 2
I
b= == C
1
A 3 B

A1
4
B —_
3
3
C —_
2
5 5
3
E 2
Solution:

Put A at the origin with edges along the axes: A = (0,0,0), B = (3,0,0),C =
(3,1,0),E = (0,0,2),H = (0,1,2),F = (3,0,2),G = (3,1,2),50 M =
(3, %, 2).The base BCH E is arectangle with BC = 1and BE = +/32 4 22 = /13,

_ B . , 2:343-2-6] __ 6
hence area+/13. Its piane is2x + 3z = 6,and M sits at distance N TR

fromit. The volumeis 3 V13 - \/L1—3 — 2. Therefore, the answerisE.




11. Which of the following expressions is never a prime numberwhen pis a prime number?

A p?+16
2

B p°+24

c p*+26

D p?+46
2

E  p“+96

Solution:

Look atp? + 26.Whenp = 3,it’s35 = 5 - 7. Forany other prime, pisn’t divisible by 3,
sop? =1 (mod 3)andp? +26 =1+ 2 =0 (mod 3).Eitherway it'samultiple of 3
biggerthan 3, hence composite. Soit’s never prime. Thus, Cis the correct answer.



12. Line segment AB is a diameter of a circle with AB = 24. Point C, notequalto A or B,
lies on the circle. As point C moves around the circle, the centroid (center of mass) of
AN ABC traces out a closed curve missing two points. To the nearest positive integer,
whatis the area of the region bounded by this curve?

A 25
B | 38
c 50
D 63
E 75
Solution:

Put the center O at the origin,so A = (—12,0) and B = (12, 0), while C'runs over the
circle of radius 12. Then A + B = 0, so the centroidis 3 (A + B + C) = 3 C.AsC
circles, %C traces a circle of radius % — 4 (minus the two pointswhere C = A or B).
ltsareais 7 - 42 = 167 ~ 50. Therefore, the answer s C.



13. How many of the first 2018 numbersin the sequence 101,1001,10001, 100001, . ..
are divisible by 1017

A | 253
B 504
Cc 505
D 506
E 1009
Solution:

The k-thtermis 1051 4 1, which 101 dividesiff 105" = —1 (mod 101). Notice
102 = 100 = —1 (mod 101).S010™ = —1exactlywhenm = 2 (mod 4),
meaningk + 1 = 2,thatisk =1 (mod 4).Amongk = 1,2, ...,2018, the values
1,5,...,2017 number505. Thus, Cis the correct answer.



14. Alist of 2018 positive integers has a uniqgue mode, which occurs exactly 10 times.
What is the least number of distinct values that can occurin the list?

A 202
B 223
c 224
D 225
E 234
Solution:

The mode shows up 10 times. To keep the number of distinct values small, let every
othervalue repeat as much as the rules allow, whichis 9 times each (any more would tie
the mode). With d distinct values the list holds at most 10 + 9(d — 1) entries. We need
104+ 9(d — 1) > 2018,sod — 1 > 223.1, givingd > 225. Therefore, the answer is
D.



15. Aclosed boxwith a square base is to be wrapped with a square sheet of wrapping
paper. The boxis centered on the wrapping paper with the vertices of the base lying
on the midlines of the square sheet of paper, as shownin the figure on the left. The four
corners of the wrapping paper are to be folded up over the sides and brought
togetherto meet at the center of the top of the box, point A in the figure on the right.
The box has base length w and height h. What is the area of the sheet of wrapping

paper?
A
4
A 2(w+h)?
5 (w + h)?

D 2w?
E w3h
Solution:

Let the sheet have side s. The base sits as a square of side w turned 45°, so the center

w

is 5 from eachbase edge. Acorner of the sheet lies % from the center. Folding that

corner up to the top center traces a straight line: % out to the base edge, then h up the

side, then 5 across the top. So % =%+ h+%=w+h.Thens = V2 (w + h),

andtheareais s = 2(w + h)?.Thus, Ais the correct answer.



16. Letay,a9,. .., asn1g be astrictlyincreasing sequence of positive integers such that
a1 +as + -+ ais = 20182018,

What s the remainderwhena? + a3 + - - - + a34 is divided by 67

A0

B 1

C 2

D 3

E 4
Solution:

Foranyintegern,n® —n = (n — 1)n(n + 1)isaproduct of three consecutive
integers, soit’s divisible by 6. That meansn® = n (mod 6). Summing, >_ a? = Y a;
= 201821% (mod 6).Now 2018 = 2 (mod 6), and powers of 2mod 6 alternate
2,4,2,4,....Theexponent 2018iseven, so 221® = 4 (mod 6). The remainderis 4.

Therefore, the answerisE.



17. Inrectangle PQRS, PQ) = 8and QR = 6. Points A and B lie on PQ), points C'and D
lieon QR, points ' and F'lieon RS, and points G and H lieon SPsothat AP =
BQ < 4andthe convexoctagon ABC D EFGH is equilateral. The length of a side of
this octagon can be expressedinthe form k + m+/n, where k, m, and n are integers
andnis not divisible by the square of any prime. Whatis k + m + n?

A 1

B 7

c 21

D 92

E 106
Solution:

Let s be the octagon’s sidelengthandletx = AP = BQ = Sz;s.The right triangles
AAPH and ABQC have the same hypotenuse s and aleg of length x, so they are
congruent; write PH = QC = y.Because CD = HG = sandthe vertical sides of
the rectangle both have length 6, it follows that DR = G S. Theright triangles at R
and S are thencongruent,so RE = SF'.Since RS = 8and EF' = s,each of these

equallengthsis 8—55 = . Thus allfour cut corners have legs x and y.

The equal octagon sides give

8 —2x =6 —2y = /x2 + 2.

The first equality givesy = & — 1. Substituting and squaring gives 222 — 30x +
63 = 0,sotherootwithz < 4isx = %ﬁ

The sidelengthis8 — 2z = -7+ 3v1l,sok+m+n= -7+ 3+ 11 = 7.Thus,B
is the correct answer.



18. Three young brother-sister pairs from different families need to take a tripinavan.
These six children will occupy the second and third rows in the van, each of which has
three seats. To avoid disruptions, siblings may not sit right next to each otherin the
same row, and no child may sit directly in front of his or her sibling. How many seating
arrangements are possible for this trip?

A 60
B 72
c 92
D 96
E 120
Solution:

Suppose some family put both childrenin one row. They’d have to take the non-
adjacent seats 1 and 3, which forces the middle family’s two childreninto the same
column. Not allowed. So each row holds exactly one child from each family. The
second row is a permutation of the three families, 3! = 6 ways. The thirdrow needs a
different family in every column, a derangement of the second row’s order, and there
are 2 of those. Finally, each pair can swap its two children between their seats, 23 =8
ways. The totalis6 - 2 - 8 = 96. Therefore, the answerisD.



19. Joey and Chloe and their daughter Zoe all have the same birthday. Joey is 1 year older
than Chloe, and Zoe is exactly 1 year old today. Today is the first of the 9 birthdays on
which Chloe’s age willbe anintegral multiple of Zoe’s age. What will be the sum of the
two digits of Joey’s age the next time his age is a multiple of Zoe’s age?

AT

B 8

c 9

D 10

E 11
Solution:

Let Chloe be ntoday; Zoeis 1. Intyears theirageratiois

n—+t n—1
=14+ :
1+t 14+t

whichis anintegerexactlywhen1 + t dividesn — 1. Thusn — 1 has exactly 9 positive
divisors.

Anumber with 9 divisors has the formp8 orp2q2. The only two-digit possibility is 22 .
32 = 36, so Chloeis 37 and Joey is 38.

Joey’sage 38 + tisamultiple of Zoe’sage 1 + t exactlywhen1 + t divides 37. The
nexttimeist = 36, when Joeyis 74. Its digit sumis 7 + 4 = 11. Thus, Eis the correct
answer.



20. Afunction fis definedrecursively by f(1) = f(2) = land

fn)=fn-1)-f(n-2)+n

forallintegersn > 3. Whatis f(2018)?

A 2016
B 2017
c 2018
D 2019
E | 2020
Solution:

Notice f(n) = n + 1solves therecurrence onits own, sowrite f(n) = (n+ 1) +
g(n).Then g satisfies the homogeneous versiong(n) = g(n — 1) — g(n — 2). With
9(1) = —landg(2) = —2,itcycleswithperiod6: —1,—2,—1,1,2,1,....Since
2018 = 2 (mod 6), we get g(2018) = —2, so £(2018) = 2019 — 2 = 2017.
Therefore, the answeris B.



21. Mary chose an even 4-digit numbern. She wrote down all the divisors of nin
increasing order fromlefttoright: 1, 2,. .., &, n. Atsome moment Mary wrote 323 as a
divisor of n. Whatis the smallest possible value of the next divisor written to the right

of 3237

A 324
B 330
c 340
D 361
E 646
Solution:

Let d be the next divisor after 323. If gcd(d, 323) = 1, thennisamultiple of 323d >
3232 > 9999, impossible for a four-digit number. Thus ged(d, 323) > 1.

Since 323 = 17 - 19, thisgcdisatleast 17. It also dividesd — 323,sod — 323 > 17
andhenced > 340.

This bound is attained: forn = 6460 = 22 - 5 - 17 - 19, both 323 and 340 are divisors.
The lower bound shows there is no divisor between them. Thus the smallest possible
next divisoris 340, and Cis the correct answer.



22. Realnumbers ¢ and y are chosen independently and uniformly at random from the
interval [0, 1]. Which of the following numbers is closest to the probability that x, ,
and 1 are the side lengths of an obtuse triangle?

A | 0.21
B 0.25
c 0.29
D | 0.50
E  0.79
Solution:

The threelengths z, y, 1 make a triangle iff £ 4 y > 1. Since 1is the longest side, that
triangle is obtuse iff 2% + y2 < 1.Sointheunit square we want the regioninside the
quartercircle z2 4+ y? = 1 butabove thelinez + y = 1. That’s the quarter disk with
the right triangle under the chordremoved: 7 — 1 ~ 0.285. The closest choiceis

2
0.29. Therefore, the answeris C.



23. How many ordered pairs (a, b) of positive integers satisfy the equation

a-b+63=20-lcm(a,bd)
+ 12 - ged(a, b),

where gcd(a, b) denotes the greatest common divisor of a and b, andlcm(a, b)
denotes theirleast common multiple?

A0

B 2

c 4

D 6

E 8
Solution:

Recallab = gcd(a, b) lem(a, b). Letz = lem(a, b) andy = ged(a, b). The equation
becomes

(x —12)(y — 20) = 177 = 3 - 59.

The positive factor pairs give (z,y) = (13,197), (189, 21),(15,79),and (71, 23).
The negative factor pairs make either x or y negative, so they are impossible. Also y
must divide z, and only (z, y) = (189, 21) passes.

Writea = 21uandb = 21v.Thenged(u,v) = landuv = 12 = 9,50 (u,v) =

(1,9)or (9, 1).Hence the two ordered pairs are (21, 189) and (189, 21), and Bis the
correct answer,



24. Let ABC DEF be aregular hexagonwith side length 1. Denote by X, Y, and Z the
midpoints of sides AB, C' D, and EF, respectively. What is the area of the convex
hexagonwhose interioris the intersection of the interiorsof AACE and AXY Z7?

3
A =3
8\/_

7

5 16V3
g Lo
o 113
- 196\/g
Solution:

The triangle XY Z is equilateral with side %, soitsareais

4%

The triangles ACFE and XY Z are concentric and rotated 30° from each other. At
eachvertex of XY Z, the sides of ACE cut off a30-60-90 triangle whose

hypotenuse is the half-side segment AX = =.ltslegsare 7 and */— ,So each corner

V3
has area TR

Removing the three corners gives
9v3 V3 _15V3

6 S 337 39

Therefore, the answeris C.



25. Let |z | denote the greatest integer less than or equal to . How many real numbers
satisfy the equation % + 10,000| z | = 10,000x?

A 197
B 198
c 199
D 200
E 201
Solution:

Leta = |z].The equationreads % = 10,000(z — a) = 10,000{x},andsince 0 <
{z} < 1,thisforces0 < z? < 10,000,s0 —100 < z < 100. Oneachinterval

[a, a + 1) the quantity 10,000z — z? increases from 10,000a — a? and approaches,
but does notreach, 10,000(a + 1) — (a + 1)2. It hits 10,000a exactly once precisely
when (a + 1)? < 10,000. That holds for the integers —100 < a < 98, whichis 199

solutions. Thus, Cis the correct answer.
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