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1. Cities Aand B are 45 miles apart. Alicialivesin A and Bethlives in B. Alicia bikes
towards B at 18 miles per hour. Leaving at the same time, Beth bikes toward A at 12
miles per hour. How many miles from City A will they be when they meet?

A 20
B | 24
c 25
D 26
E 27
Solution:

They ride toward each other, so their speeds add. That closes the 45-mile gap at 18 +
12 = 30 mph, and they meet after % = 1.5 hours. Alice starts at A, so by thenshe’s
gone 18 - 1.5 = 27 miles. Thus, Eis the correct answer.



2. Theweight of % of alarge pizza together with 3% cups of orange slicesis the same as
the weight of % of alarge pizza together with % cup of orange slices. A cup of orange
slices weighs 411 of apound. Whatis the weight, in pounds, of a large pizza?

4
A 15
B 2
2
C 25
D 3
3
E 35
Solution:
Let p be the pizza’s weight. A cup of orange slicesis 411 pound, so the two sides balance
as %p—i— % . %1 = %p—l— % . i,thatis %p—l— % = %p—i— %.Collectthepizzaterms:g =

(% _ %)p — %p_ Sop = % . 1—52 = % = 1§.Therefore,the answerisA.

3. How many positive perfect squares less than 2023 are divisible by 57

A 8

B 9

C 10

D 11

E 12
Solution:

If a perfect square is divisible by 5, it’s divisible by 25, so it looks like (5k)? = 25k2.
We need 25k? < 2023,i.e. k? < 80.9.Thatallowsk = 1,2,...,8, whichis 8 squares.
Thus, Ais the correct answer.



4. Aquadrilateral has allinteger side lengths, a perimeter of 26, and one side of length 4.
Whatis the greatest possible length of one side of this quadrilateral?

A9

B 10

c 11

D 12

E 13
Solution:

In any quadrilateral each side is shorter than the sum of the other three. Call the
longest side s. Therestsumto 26 — s,s0s < 26 — s, whichgivess < 13 andhence
s < 12.Canwehit 12?7 The sides 4,12, 9, 1 work,since 12 < 4 4+ 9 4+ 1. Sothe
greatestlengthis 12. Therefore, the answeris D.

5. How many digits are in the base-tenrepresentation of 8 - 510 . 15%7?

A 14
B 15
c | 16
D 17
E 18
Solution:

Factor everythinginto primes. 8% - 510 . 155 = 215 . 510. 35 . 55 — 215 . 515 . 35 —
10%° - 243. That's 243 followed by 15 zeros, soithas 3 + 15 = 18 digits. Thus, Eis the
correctanswer.



6. Anintegerisassignedto each vertex of acube. The value of an edge is defined to be
the sum of the values of the two vertices it touches, and the value of aface is defined
to be the sum of the values of the four edges surroundingit. The value of the cube is
defined as the sum of the values of its six faces. Suppose the sum of the integers
assigned to the verticesis 21. What is the value of the cube?

A 42
B 63
c &4
D 126
E 252
Solution:

Countbyincidences. Each edge lies on 2 faces, so the six face values together are 2
times the total of alledge values. Each vertexlies on 3 edges, so the total edge value is
3 times the vertex sum. Chaining these, the cube’svalueis 2 - 3 - 21 = 126. Therefore,
the answerisD.



7. Janetrolls a standard 6-sided die 4 times and keeps a running total of the numbers she
rolls. What is the probability that at some point her running total willequal 37

A 2
9
49
B -
216
25
C —_
108
17
D —_
72
13
E —_
54
Solution:

The total can only reach exactly 3 through the openingrolls, and these ways are

disjoint: 3 alone (probability %), then1,2and 2,1 (each 3—%), and1, 1, 1 (probability ﬁ).
36

Addthemup: 575 + % + % + 2—}6 = %.Thus,Bisthe correct answer.



8. Barbthe bakercreates anew temperature system forbaking bread, Breadus, whichis
linearly based on Fahrenheit. Breadrises at 110 F°, whichis 0 on the Breadus scale.
Bread bakes at 350 F°, whichis 100 on the Breadus scale. Bread is done whenits
internal temperature is 200 F°. What is this temperature on the Breadus scale?

A 33

B 345

c 36

D 375

E 39
Solution:

The Breadus reading is linearin Fahrenheit through (110, 0) and (350, 100),s0 B =

0 (F —110) = 2 (F — 110).Plugin F = 200 : B = 2 - 90 = 37.5.

Therefore, the answerisD.



9. Adigital display shows the current date as an 8-digit integer consisting of a 4-digit
year, followed by a 2-digit month, followed by a 2-digit date within the month. For
example, Arbor Day this yearis displayed as 20230428. For how many dates in 2023
will each digit appear an even number of times in the 8-digit display for that date?

A D

B 6

c 7

D 8

E 9
Solution:

The year 2023 already gives two 2s (even), one 0, and one 3. So to make every digit
occuran even number of times, the four digits of MM and DD must supply one more
0, one more 3, and two equal digits, while keeping the number of 2s even. Checking
the legal dates gives 01/13,01/31,02/23,03/11,03/22,10/13,10/31,11/03, and
11/30, exactly 9 dates. Thus, Eis the correct answer.



10. Maureenis keeping track of the mean of her quiz scores this semester. If Maureen
scores an 11 on the next quiz, hermeanwillincrease by 1. If she scoresan11 oneach
of the next three quizzes, her mean willincrease by 2. What is the mean of her quiz
scores currently?

A 4

B 5

cC 6

D 7

E 8
Solution:
Let m be the current mean overn quizzes. One more 11 makesthemeanm + 1 :
%*111 = m + 1, whichtidiesuptom + n = 10. Three more 11s makeitm + 2 :
%233 =m+ 2,i.e.3m + 2n = 27. Solve the pairandm = 7. Therefore, the answer

isD.



11. Asquare of area 2isinscribedin a square of area 3, creating four congruent triangles,
as shown below. What is the ratio of the shorterleg to the longerleg in the shadedright

triangle?
1

A —

5}

1

B —

4

cC 2—43
D V3-v2
E v2-1

Solution:

Each cornerright triangle has legs a and b. A side of the outer square givesa + b =
\/5, and a side of the inscribed square gives a’? 4+ b?> = 2. Subtract to find the
product:2ab = (a + b)* — (a® + b*) = 3 — 2= 1,s0ab = 5.Thenaandbare the
rootsof t> — /3¢ + % = 0,namely @.The ratio of the smallerleg to the largeris
V3-1 (V/3-1)
V3+1 2

= 2 — 4/3.Thus, Cis the correct answer.




12. How many three-digit positive integers N satisfy the following properties?
e The number N is divisible by 7.

e The number formed by reversing the digits of IV is divisible by 5.

A 13
B 14
c 15
D 16
E 17
Solution:

Whenwe reverse N, its last digit is the first digit of INV. For the reversal to be divisible
by 5, that digitis 0 or 5. A three-digit number can’t start with 0, so IV starts with 5,
meaning 500 < N < 599 (and the reversal endsin 5, always fine). Now just count
multiples of 7here: from7 - 72 = 504to 7 - 85 = 595, that’s 14 numbers. Therefore,
the answeris B.



13. Abdul and Chiang are standing 48 feet apartin a field. Bharat is standing in the same
field as far from Abdul as possible so that the angle formed by his lines of sight to
Abdul and Chiang measures 60°. What is the square of the distance (in feet) between
Abdul and Bharat?

A 1728
B 2601
c 3072
D | 4608
E 6912
Solution:

Let A be Abdul, C' be Chiangwith AC' = 48, and B be Bharat with /B = 60°. Every
point seeing AC at 60° lies on one circular arc, so all valid B sit on a circle where chord

AC subtends 60°. The law of sines gives its diameter, siﬁﬁcoc = 4—\/2 = 324/3.Now AB
2

isachord, and achordis longest whenit's adiameter. So AB = 324/3and AB? =
1024 - 3 = 3072. Thus, Cis the correct answer.




14. Anumberis chosen atrandom from among the first 100 positive integers, and a
positive integer divisor of that numberis then chosen atrandom. Whatis the
probability that the chosen divisoris divisible by 117

A 4
100
9
B —_
200
1
C —_
20
11
D _
200
3
E —_
50
Solution:

Anumbern < 100 can only have a divisor divisible by 11when 11 | n,son €
{11,22,...,99}.Writen = 11lmwithm < 9.Here 11 { m,sod(11m) = 2d(m),
and the divisors that are multiples of 11 are exactly the d(m) numbers 11d. That makes
the chance %(mml) = % foreach suchn. Averaging over all 100 starting numbers, the
probability is ﬁ 221:1 % = 2%. Therefore, the answeris B.



15. Anevennumber of circles are nested, starting with aradius of 1 andincreasing by 1
eachtime, all sharinga common point. The region between every other circle is
shaded, starting with the regioninside the circle of radius 2 but outside the circle of
radius 1. An example showing 8 circles is displayed below. What is the least number of
circles needed to make the total shaded area at least 202377

A 46
B 48
cC 56
D 60
E 64
Solution:

Acircle of radius r has area 7r2. So the shaded ring between radius 2k and 2k — 1 has
arear((2k)? — (2k — 1)?) = (4k — 1)7. With 2n circles the shaded total is

7> p_(4k — 1) = m(2n* + n). Wewant 2n? + n > 2023. Atn = 31it's 1953, at
n = 32it’s 2080. Son = 32, whichmeans 2n = 64 circles. Thus, Eis the correct
answer.



16. In atable tennis tournament every participant played every other participant exactly
once. Although there were twice as many right-handed players as left-handed
players, the number of games won by left-handed players was 40% more than the
number of games won by right-handed players. (There were no ties and no
ambidextrous players.) What is the total number of games played?

A 15
B 36
c 45
D 48
E 66
Solution:

Say there are L left-handers and 2 L right-handers, so 3L players and (32L) games.

ot

Every game has one winner, and left wins are 1.4 times right wins, so the wins split 7 :
and the total must be a multiple of 12. Left-handers can win at most allgames
involving at least one left-hander, namely (g) + 2L2 . Hence

L L
T < +2L%,
12\ 2 2

whichgives L < 3.ForL = 1and L = 2,thetotalis not divisible by 12. For L = 3,
there are (g) = 36 games. This is attainable if the left-handers win all 18 cross-group
games and all 3 games among themselves, while the right-handers win their 15 internal
games. The win totals are 21 and 15, so the answer is 36. Therefore, the answer s B.



17. Let ABC D be arectangle with AB = 30 and BC = 28. Points P and () lie on BC
and C D respectively so that all sides of AABP, APC(Q,and AQ D Ahaveinteger
lengths. What is the perimeter of A APQ?

A 84
B 86
c 88
D 90
E 92
Solution:

SetA = (0,0), B = (30,0),C = (30,28), D = (0,28), with P = (30, p) on BC
and @ = (30 — g, 28) on C'D.The threeright triangles give AP = 4/ 302 + p?,
QA = /282 + (30 — ¢)%,and PQ = /(28 — p)? + q*.For0 < p < 28, the
equation (AP — p)(AP + p) = 900 givesonlyp = 0andp = 16, with AP = 30
and AP = 34. Similarly, settingz = 30 — g, the equation (QA — x)(QA + z) =
784 with0 < x < 30givesx = Oorx = 21. Testing these four combinationsin the
formulafor PQ,onlyp = 16,z = 21 works.Thusq = 9,QA = 35,and PQ) =
V122 + 92 = 15. The perimeter of AAPQ is 34 + 15 + 35 = 84.Thus, Aisthe
correct answer.




18. Arhombic dodecahedronis a solid with 12 congruent rhombus faces. At every vertex,
3 or4 edges meet, depending on the vertex. How many vertices have exactly 3 edges

meeting?
A5
B 6
c 7
D 38
E 9
Solution:

Eachrhombus has 4 edges, and every edgeis shared by 2 faces, so F = % = 24.
With F' = 12, Euler'sformulagivesV = 2 — F' + E = 14. Suppose z vertices have 3
edges and the other 14 — x have 4. The degrees sum to twice the edge count: 3x +
4(14 — ) = 2E = 48,sox = 8. Therefore, the answerisD.



19. Theline segment formed by A(1, 2) and B(3, 3) isrotated to the line segment formed
by A'(3,1) and B'(4, 3) about the point P(r, s). Whatis |r — s|?

A 1
4
1
B —_
2
3
C —_
4
2
D —_
3
E 1
Solution:

Arotation keepsits center equidistant from each point and itsimage. So Pis
equidistant from A and A’, and from B and B’, which puts it at the intersection of two
perpendicular bisectors. The bisector of BB’ from (3, 3) to (4, 3)isx = 3.5.The
bisectorof AA’ from(1,2)to(3,1)is2x —y = 2.5.Theny = 2(3.5) — 2.5 = 4.5,
soP = (3.5,4.5)and |r — s| = |3.5 — 4.5| = 1.Thus, Eis the correct answer.



20. Eachsquareinad x 3 grid of squaresis coloredred, white, blue, or green so that
every 2 X 2 square contains one square of each color. One such coloring is shown on
the right below. How many different colorings are possible?

A 24
B 48
c 60
D 72
E 96
Solution:

Labelthe cellsrowbyrowasa,b, c;d,e, f; g, h,i. The top-left blocka, b, d, eis a
permutation of the four colors, so 4! = 24 ways. The block {b, c, e, f } is also all four
colors, and b, e are fixed, so {c, f} is the remaining two in some order: 2 ways. Same
story for{g, h}, the two colors apart fromd, e, another 2 ways. That leaves , forced
to whatever coloris missing from {e, f, h}, and that only works when f # h. Of the
2 - 2 = 4 order combinations, exactly one has f = h, so 3 survive. The totalis 24 -

3 = T72.Therefore, the answeris D.



21. There s a unique polynomial P(x) of least degree with leading coefficient 1 satisfying
all of the following:

lisarootof P(x) — 1,2isarootof P(x — 2),3isarootof P(3x),and4is aroot of
AP(z).

Allthe roots of P(z) except one are integers. If the one non-integer root can be
written as % ,Where m and n are relatively prime positive integers, whatism + n?

A 41
B 43
c | 45
D 47
E 49
Solution:

Translate each conditioninto avalue: P(1) = 1, P(0) = 0, P(9) = 0,and P(4)
S00,4,9areroots. Could a cubic doit? Amonic cubic with those roots has P(1)

0.

(1)(—3)(—8) = 24 # 1,sono.The least-degree monic polynomialiis degree 4 :
Px)=z(z—4)(z — 9)(x — ¢).Now P(1) = (1)(—3)(—8)(1 — ¢)=24(1 — ¢)
=1,s0l —c= 2—14 andc = %.That’sthe lone non-integerroot,som +n = 23 +
24 = 47.Thus, Dis the correct answer,



22. Circle C7 and C5 eachhave radius 1, and the distance between their centersiis %

Circle Cs is the largest circle internally tangent to both C; and Cs. Circle Cy is
internally tangent to both C and Cy and externally tangent to C3. What is the radius of

Cy?

1
A —_
14
1
B I
12
c 1
10
5 3
28
1
E —_
9
Solution:

Put the centers of C, Cs at (:I:%, O) . By symmetry the largest circle inside both sits at
the origin with radius r3, where 1 — r3 = %,so ry = ‘Z. Let Cy be centered at (0, y)

withradius r. Internal tangency to C' gives 4/ % +y2 =1 — r,and external

tangencyto (3 givesy = % + 7. Substitute the secondinto the first: 11—6 +

2 . :
(% + r) = (1 — 7“)2.ThIS collapsesto %7‘ = %,sor = %.Therefore,the answerisD.



23. Positive integer divisors a and b of N are called complementary if ab = IN. Given that
N has a pair of complementary divisors that differ by 20 and a pair of complementary
divisors that differ by 23, find the sum of the digits of V.

A 11
B 13
c 15
D 17
E 19
Solution:

Complementary divisors differing by 20 are band b + 20 with product V,so N =

b%> + 20band N + 100 = (b + 10)?. Apair differing by 23 gives 4N + 529 = (2d +
23)2.Set N + 100 = k%. Then4k? + 129 = m?,so (m — 2k)(m + 2k) = 129= 3 -
43. The positive factor pair 3, 43 gives k = 10, hence the inadmissible value N = 0.
The pair1, 129 givesm = 65,k = 32, hence N = 322 — 100 = 924. Checkit:

924 = 22 - 42 = 21 - 44, and the digitsumis9 + 2 4+ 4 = 15. Thus, Cis the correct
answer.



24. Sixregularhexagonal blocks of side length 1 unit are arranged inside aregular
hexagonal frame. Each blocklies along aninside edge of the frame and is aligned with
two other blocks, as shown in the figure below. The distance from any corner of the
frame to the nearest vertex of ablockis % unit. What is the area of the region inside the
frame not occupied by the blocks?

133

A
3
5 2164/3
49
C _9\/§
2
5 144/3
3
c 243+/3
49
Solution:

Letd = % Extend the slanted edges of the blocks that meet a fixed side of the frame.
Because all the relevant angles are 60°, the extensions form an equilateral triangle of
side 1 at one end and an equilateral triangle of side 1 — d at the other. Thus that frame
side is partitionedintolengthsd, 1,1,and 1 — d,soitslengthisd + 1 +1 4 (1 —
37*@152. Therefore the uncovered areais
3V3 32 _g.3v3
2 2

d) = 3.Aregularhexagon of side t has area
the area of the side-3 frame minus the areas of the six unit blocks:
= % — 9\/§: 9T‘/g.Therefore, the answeris C.



25. If A and B are vertices of a polyhedron, define the distance d( A, B) to be the
minimum number of edges of the polyhedron one must traverse in order to connect A
and B. Forexample, if AB is anedge of the polyhedron, thend(A4, B) = 1, butif AC
and CB are edges and ABisnotanedge, thend(A, B) = 2.LetQ, R,and S be
randomly chosen distinct vertices of aregularicosahedron (aregular polyhedron
made up of 20 equilateral triangles). What is the probability that d(Q, R) > d(R, S)?

7
A —_
22
1
B —
3
3
C —
8
5
D —_
12
- 1
2
Solution:

Fix R. Of the other 11 vertices, 5 sit at distance 1, 5 at distance 2, and 1 (the opposite
vertex) at distance 3. Pick ordered distinct ), S fromthese 11 :that's11 - 10 = 110
pairs. The oneswithd(R, Q) = d(R, S)number5-4+5-4+1-0 = 40,so

P(equal) = 14—1% = 24 Bythe symmetry between Q and S, the > and < cases split

i1
4
therestevenly,so P(d(Q, R) > d(R, S)) = IT“ = . Thus, Ais the correct answer.
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