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1. AndyandBetsy both live in Mathville. Andy leaves Mathville on his bicycle at 1:30,
traveling due north at a steady 8 miles per hour. Betsy leaves on her bicycle from the
same point at 2:30, traveling due east at a steady 12 miles per hour. At what time will
they be exactly the same distance from their common starting point?

A 3:30
B 3:45
c  4:00
D 4:15
E 4:30
Solution:

Let t be the hours since 1:30. Andy has gone 8t miles north. Betsy starts an hour later,
soshe’'sgone 12(t — 1) miles east. We want these equal: 8¢ = 12(¢ — 1). That gives
4t = 12,sot = 3. Three hours past 1:30is 4:30. Thus, Eis the correct answer.



2. Aboxcontains 10 pounds of a nut mix thatis 50 percent peanuts, 20 percent cashews,
and 30 percent almonds. A second nut mix containing 20 percent peanuts, 40 percent
cashews, and 40 percent almonds is added to the box resulting in a new nut mix that is
40 percent peanuts. How many pounds of cashews are now in the box?

A 35

B 4

c 4.5

D 5

E 6
Solution:

The starting 10-pound mix holds 5 pounds of peanuts and 2 pounds of cashews. Add
x pounds of the second mix, which is 20% peanuts. We want the new peanut fraction
tobe 40%, so 5%&? = 0.4.Thismeans 5 + 0.2z = 4 + 0.4z, givingz = 5.Those 5
pounds bring 0.4 - 5 = 2 more pounds of cashews, so the boxnowhas 2 + 2 = 4.

Therefore, the answeris B.




3. How manyisosceles triangles are there with positive area whose side lengths are all
positive integers and whose longest side has length 20257

A 2025
B 2026
c 3012
D 3037
E 4050
Solution:

Splitinto two cases. Say two sides both equal 2025. Then the third side can be any
integer from 1 to 2025, whichis 2025 triangles. Now suppose 2025 is the unique
longest side. The two equal legs s must satisfy 2s > 2025 by the triangle inequality,
and s < 2024. So sruns from 1013 to 2024, giving 1012 triangles. Adding up, 2025 +
1012 = 3037. Thus, Dis the correct answer.



4. Ateam of studentsis going to compete against ateam of teachersin a trivia contest.
The total number of students and teachersis 15. Ash, a cousin of one of the students,
wants tojoin the contest. If Ash plays with the students, the average age on that team
willincrease from 12 to 14. If Ash plays with the teachers, the average age on that team
willdecrease from 55 to 52. How old is Ash?

A 28
B 29
c 30
D | 32
E 33
Solution:

Let s be the number of students. If Ashjoinsthem, hisageis 14(s + 1) — 12s = 2s +
14.1f he joins the teachers instead (there are 15 — s of them), his age is 52(16 — s)
—55(15 — s) = 3s 4 7.Both describe the same Ash, so 2s + 14 = 3s + 7.That
givess = 7,andAshis2 - 7 4+ 14 = 28. Therefore, the answeris A.



5. Considerthe sequence of positive integers

1,2,1,2,3,2,1,2,3,4,

3,2,1,2,3,4,5,4,3, 2,

1,2,3,4,5,6,5,4,3, 2,
1,2,...

What is the 2025th termin this sequence?

A5

B 15

C 16

D 44

E 45
Solution:

Group the sequenceinto blocks. Block kreadsk, k — 1,...,2,1,2,...,k — 1, k,
whichis2k — 1termsandendsonk. So afterblock kwe'veused1l +3 + --- +

(2k — 1) = k? terms. Notice 2025 = 452. That’s exactly the end of block 45, whose
last termis 45. Thus, Eis the correct answer.



6. Inanequilateraltriangle eachinteriorangleis trisected by a pair of rays. The
intersection of the interiors of the middle 20°-angle at each vertexis the interior of a
convex hexagon. What is the degree measure of the smallest angle of this hexagon?

A 80
B 90
c 100
D 110
E 120
Solution:

Label the equilateral triangle ABC. Each 60° angle splits into three 20° pieces. Take
the outermost trisectors from A and B: they meet at base angles % - 60° = 40°,so
the hexagon vertex there has angle 180° — 2 - 40° = 100°. The innermost trisectors
from A and B meet at base angles 20°, giving apex 180° — 2 - 20° = 140°, and by
vertical angles that’s the opposite hexagon angle. So the six angles alternate 100° and
140°. The smallestis 100°. Therefore, the answeris C.



Suppose a and b are real numbers. When the polynomial z% + 22 4+ az + bisdivided
by x — 1,theremainderis 4. When the polynomialis divided by £ — 2, the remainder
is6. Whatisb — a?

A 14
B 15
c 16
D 17
E 18
Solution:

By the Remainder Theorem, just plugin.Wegetp(l) =1+ 1+a+b=4,s0a +
b=2.Andp(2) =8+ 4+ 2a+b=6,s02a + b = —6.Subtract the first from the
second:a = —8,henceb = 10.Thenb — a = 10 — (—8) = 18.Thus, Eis the correct
answer.



8. Agnes writes the following four statements on a blank piece of paper.
e Atleast one of these statementsis true.
e Atleast two of these statements are true.
e Atleast two of these statements are false.
e Atleast one of these statementsis false.

Each statementis either true or false. How many false statements did Agnes write on
the paper?

A0

B 1

c | 2

D 3

E 4
Solution:

Numberthem: (1) at least one true, (2) atleast two true, (3) at least two false, (4) at
least one false. Suppose (3) is true. Then at least two statements are false. But then
(1),(2),and (4) allread as true, which leaves at most one false statement. That's a
contradiction, so (3) must be false. Now (1), (2),and (4) are all true, and each
matches reality with just one false statement. So exactly 1 statement is false.
Therefore, the answeris B.



9. Let f(z) = 100z3 — 3002 + 200z. For how many real numbers a does the graph of
y = f(x — a) pass through the point (1, 25)?

A1
B 2
c 3
D 4

E more than4

Solution:

The graph passes through (1, 25) exactlywhen f(1 — a) = 25.Lett = 1 — a,sowe
count solutions of f(¢) = 25.Factor f(z) = 100z(z — 1)(z — 2), withroots0, 1, 2.
On (0, 1), the functionis positive and f(0.5) = 37.5 > 25, so continuity gives one
root on eachside of 0.5. On (1, 2) the functionis negative, while forx > 2itincreases
from 0 to infinity, giving one more root. A cubic equation has at most 3 real roots, so
these are all the solutions. Each gives one a, so there are 3 values. Thus, Cis the
correctanswer.



10. Asemicircle has diameter AB and chord C'D of length 16 parallel to AB. Asmaller
semicircle with diameter on AB andtangentto C D is cut from the larger semicircle,

as shown below.

16

A B

Whatis the area of the resulting figure, shown shaded?

A | 16w
B 24w
cC 327
D 48w
E 64rm
Solution:

Let O be the centeron AB and P the midpoint of chord C'D. Setr = OP forthe
smallradiusand R = OD forthelarge one. Since PD = 8, the Pythagorean theorem

intriangle OPD gives R? — r? = 64. The shaded area is the big semicircle minus the

small one: %WR2 —

1

Lrr? = im(R? — r?) = 327. Therefore, the answer s C.



1. Thesequencel, z,y, zis arithmetic. The sequence 1, p, q, z is geometric. Both
sequences are strictly increasing and contain only integers, and z is as small as
possible. Whatisthevalueofx +y + 2z +p + q?

A 66
B 91
C 103
D 132
E 149
Solution:

From the arithmetic sequence, z = 1 + 3d,soz = 1 (mod 3).From the geometric
one, z = p° forsome integerratiop > 2. We want the smallest such z,sotestp =
2,3,4.0nlyp = 4works, sincep® = 64 = 1 (mod 3).Thatforcesd = 21, and the
sequencesarel,22,43,64and1,4,16,64.Sox+y+2+p+q=22+43 +
64 + 4 4 16 = 149. Thus, Eis the correct answer.



12. Carlosuses a4-digit passcode to unlock his computer. In his passcode, exactly one
digitis even, exactly one (possibly different) digit is prime, and no digit is 0. How many
4-digit passcodes satisfy these conditions?

A 176
B 192
cC 432
D 464
E 608
Solution:

No digitis 0, so digitsrunfrom 1 to 9. Put the single even digit in the first slot for now
and multiply by 4 at the end to place it. Split on that even digit. If it's the prime 2, then
the three odd digits all have to be non-prime, so eachis 1 or 9, giving 23 = 8 ways.
Otherwise the even digitis 4, 6, or 8 (3 choices), and exactly one of the odd digits is
prime, worth 3, 5, or 7 (3 choices) in one of the 3 odd positions, while the other two
odds come from {1, 9} (22 ways). That's 3 - 3 - 3 - 4 = 108. Altogether, 4(8 +

108) = 464. Therefore, the answeris D.



13. Inthe figure below, the outside square contains infinitely many squares, each of them
with the same centerand sides parallel to the outside square. The ratio of the side
length of a square to the side length of the nextinnersquareis k,where 0 < k < 1.
The spaces between squares are alternately shaded, as shownin the figure (whichiis
not necessarily drawn to scale).

The area of the shaded portion of the figure is 64% of the area of the original square.
Whatis k?

3
A —
5
5 16
25
c 2
3
3
D —
4
4
E —
)
Solution:
Let the outer side be 1. The squares have sides 1, k, k2, . . ., and the shadedrings
alternate, sothe shaded areais1 — k? + k* — k6 + ... = —L_. We're told this

1+k2

equals 64% = %,so 1+ k%= %.Then k? = %,givingk = %.Thus, Dis the correct

answer.



14. Six chairs are arranged around around table. Two students and two teachers randomly
select four of the chairs to sitin. What is the probability that the two students will sit in
two adjacent chairs and the two teachers will also sit in two adjacent chairs?

1
A —_
6
1
B —_
5
2
C _
9
5 3
13
c 1
4
Solution:

Seat the first student anywhere. The second student lands next to them with
probability %, since two of the remaining five chairs are adjacent. Now the teachers fill
two of the four leftover chairs. Of the (;1) = 6 ways todo that, exactly 3 are adjacent

pairs. Sothe probabilityis% . % = %.Therefore, the answeris B.



15. Inthe figure below, ABEF'isarectangle, AD 1. DE,AF =7,AB = 1,and
AD = 5. Whatistheareaof NABC?

A
D5
C
F
.
FE D
A 3
8
4
B —_
9
1
C —v13
8
7
D —_
15
1
E —4/15
8
Solution:

Letz = BC.Since ABEF isarectanglewith AB = land AF = 7,and AD =5,
weget AC =1+ 22,CE =7 —z,andCD = 5 — /1 + z2. The triangles

ANABC and AEDC are similar, so ¢71:§:2 = 5_”m+””2 . Clear denominators and

square to get 24z? + 14z — 24 = 0, which factorsas (4z — 3)(3z + 4) = 0.The

positiverootisx = %.Sothe area is% . % -1 = %.Thus,Ais the correct answer.




16. There are three jars. Each of three coinsis placed in one of the three jars, chosen at
random and independently of the placements of the other coins. Whatis the
expected number of coinsin ajar with the most coins?

4
A —_
3
39
B —_
27
5
C _
3
5 17
9
E 2
Solution:

There are 33 = 27 equally likely placements. Of these, 3 pile all coins into one jar (max
3), and 6 put one coinineachjar(max 1). The other 18 split 2-1 (max 2). So the

expected maximumis W = % = 19—7.Therefore,the answerisD.



17. Let N be the unique positive integer such that dividing 273436 by N leaves a
remainder of 16, and dividing 272760 by IV leaves aremainder of 15. What is the tens
digitof N7

A0

B 1

C 2

D 3

E 4
Solution:

Subtract off the remainders. Both 273420 = 273436 — 16 and 272745 = 272760 —
15 are multiples of N, so their difference 675 istoo. Now 272745 = 404 - 675 + 45,
which makes 45 a multiple of NV as well. The remainder 16 means N > 16, and the only
divisor of 45 biggerthan 16is 45 itself. So N = 45, and its tens digitis 4. Thus, Eis the
correctanswer.



18. The harmonic mean of a collection of numbers is the reciprocal of the arithmetic mean
of thereciprocals of the numbersin the collection. Forexample, the harmonic mean of
4,4,andbis

1 30

sGrits) T

What is the harmonic mean of all the real roots of the 4050th degree polynomial

2025
H(kx2—4w—3)
k=1

= (2* — 4z — 3)

- (22 — 42 — 3)
(32 —4x —3)---

- (202522 — 4z — 3)?

5

A —
3

3

B —
2

6

C o
5

5| .3
6

c _2
3
Solution:

Look at one factorkz? — 4z — 3. Its discriminant 16 + 12k is positive, so it has two
distinctreal roots. Roots from different factors are also distinct: a commmon root  for
indices k; and ky would satisfy (k; — k2)z? = 0,butx # 0. By Vieta, the two

4
reciprocals from one factorsumto &t — k. —

4 ,
2175 1T 3 Summing overall 2025



factors, the reciprocals total 2025 - (—

so the harmonic meanis 2050 —

%) = —2700. There are 4050 realrootsinall,
—2700 h

—%.T erefore, the answeris B.

19. Anarray of numbersis constructed beginning with the numbers —1, 3, 1 in the top row.
Each adjacent pair of numbersis summed to produce a numberin the nextrow. Each
row will begin and end with the numbers —1 and 1, respectively. The first three rows
are shown below.

—1 1 6 5} 1

If the process continues, one of the rows will sum to 12,288. In that row, what is the
third number from the left?

A —29
B —21
C —14
D —8
E -3
Solution:

Eachinterior entry feeds two entries below, and the end values —1 and 1 cancelin the
sum. So every row’s total doubles the one above. The top row sums to 3, and

12,288 = 3 - 2!2, so thisis the 12th row (counting the top as row 0). Track the
diagonals from the left. The second diagonalis 3,2,1,0, —1,. .., droppingby 1 each
row. The third diagonal adds these up: forn > 4itequals7 — (0 + 1+ --- 4+ (n —

4))="17— w. Pluginn = 12:7 — 82 = —29.Thus, Ais the correct answer.



20. Asilo (right circular cylinder) with diameter 20 meters stands in a field. MacDonald is
located 20 meters west and 15 meters south of the center of the silo. McGregoris
located 20 meters east and g > 0 meters south of the center of the silo. The line of

sight between MacDonald and McGregoris tangent to the silo. The value of g can be

, avb—c L , .
written as —g where a, b, ¢, and d are positive integers, bis not divisible by the

square of any prime, and d is relatively prime to the greatest common divisor of @ and
c.Whatisa + b+ ¢+ d?

A 119
B 120
c 121
D 122
E 123
Solution:

Put the silo’s center at the origin with radius 10. Then MacDonaldisat D =

(—20, —15) and McGregorat G = (20, —g). The tangentlength from Dis DT =

VvV DS? — 102 = /252 — 100 = v/525,and from Gitis TG = /g2 + 202 — 102.The
tangent point T" sits between the twomen, so DG = DT + TG.Butalso DG =
/402 + (15 — g)2. Squaring twice and simplifying gives 3g* + 150g — 925 = 0. Its
20\/?—75_

positive root, which satisfies the original tangent-length equation,isg =
Thereforea +b+ c+ d= 20 + 21 + 75 + 3= 119. Thus, Ais the correct answer.



21. Asetof numbersis called sum-free if whenever x and y are (not necessarily distinct)
elements of the set, ¢ 4 yis not an element of the set. Forexample, {1,4, 6} and the
empty set are sum-free, but {2, 4, 5} is not. What is the greatest possible number of
elementsinasum-free subsetof {1,2,3,...,20}?

A 8

B 9

c 10

D 11

E 12
Solution:

We canreach10.The odds {1, 3,5, ..., 19} are sum-free, since two odds sum to an
even.Sois{11,12,...,20}, since any two of those sum past 20. Each has 10
elements. Now let m be the largest element of any sum-free subset. Forl <1 < %,
at most one member of {i, m — i} canbe chosen, because the two sumto m. If m s
even, 5 cannot be chosen either, since it can be used twice and %t + 2 = m. Thus
besides m there are at most L’%j chosen elements, for a total of at most LmT*IJ +
1 < 10. Therefore the greatest possible size is 10. Thus, Cis the correct answer.



22. Acircle of radius r is surrounded by three circles, whoseradiiare 1, 2, and 3, all
externally tangent to the inner circle and externally tangent to each other, as shownin
the diagram below.

Whatisr?
A 1
4
6
B -
23
3
C -
11
5%
D —_
17
3
E —_
10
Solution:

The three outercenters A, B, C are pairwise AB =142 =3, AC =1+ 3 =4,
and BC = 2 + 3 = bapart, a3-4-5right triangle. Now apply Descartes’ Circle
Theoremwith curvatures 1, 3, ,and 1, allmutually tangent: + = 1+ 2 + 3

+24 /% + % + %: % + 2\/12 %. Inverting, r = 2—63.Therefore,the answeris B.



23. Triangle A ABC hasssidelengths AB = 80, BC = 45,and AC = 75.The bisector
of /B and the altitude to side AB intersect at point P. What is BP?

A 18
B 19
c 20
D 21
E 22
Solution:

Let the bisector of Z B hit AC' at D. By the Angle Bisector Theorem, é—g = g—g = %,

andsince AC' = 75,weget AD = 48 and C'D = 27.Triangles BC' D and ACB
share ZC, with adjacent sides in the common ratio % = Z—g = %,sothey are similar
by SAS.Hence BD = % - 80 = 48 = AD,making AAD B isosceles. Put

ZDAB = ZDBA = 0.Because the altitude through C'is perpendicularto AB,
both ZDPC and ZDCP equal 90° — 0. Thus ACDP isisosceles,so PD = CD =
27.Since Plieson BD,weget BP = BD — PD = 48 — 27 = 21.Thus,Dis the
correctanswer.



24. Call a positive integer fairif no digitis used more than once, it has no 0s, and no digit is
adjacent to two greater digits. For example, 23, 196, and 12463 are fair, but 1546,
320, and 34321 are not fair. How many fair positive integers are there?

A | 511

B 2,584

c 9,841

D 17,711

E 19,682
Solution:

Afairnumber’s digits mustincrease up toits largest digit m and then decrease.
Indeed, the first ascent after any descent would begin at a digit smaller than both of
its neighbors. For k digits, choose the digit set from 1to 9in (2) ways. Each of the

k — 1 digits below m independently goes on the increasing left side or the
decreasingright side, after whichits positionis forced. Hence the totalis

22:1 (D2 1=3(1+2)°-1)= &;1 = 9841. Therefore, the answer s C.



25. Apoint Pis chosen atrandominside square ABC D. The probability that AP is
a+br—cVd
)

e
where a, b, ¢, d, and e are positive integers, gcd(a, b, ¢, e) = 1,and dis not divisible

by the square of aprime. Whatisa + b+ c+ d + e?

neither the shortest nor the longest side of A APB can be written as

A 25
B 26
c 27
D 28
E 29
Solution:

Place A = (0,0) and B = (1, 0) onthe unit square. AP is the middle length when
BP < AP < ABorAB < AP < BP.Theseregions are bounded by the circle
centered at A withradius 1 (where AP = AB)andthelinex = %(where AP = BP).
Let S be where the circle meets ¢ = %.Then AABSisequilateral,so ZBAS = 60°.

The largerregion has area 4”;i’ﬁ and the smallerhas area W .Theyaddto

W.Thusa—i—b—i—c—i—d—ke: 6+1+3+3+12= 25.Thus,Aisthecorrect
answer.
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