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1. The arithmetic mean of the nine numbersinthe set {9, 99,999,9999, . . .,
999999999 } is a 9-digit number M, all of whose digits are distinct. The number M
does not contain the digit

A O

B 2

c 4

D 6

E 8
Solution:

Each of the nine numbersis 10 — 1, so theirsumis9 + 99 + - - - + 999,999,999,
Dividing by 9,
M=1+114+111+4---
+ 111,111,111
= 123,456,789.

Its digits are 1 through 9, so the missing digit is 0.

Thus, the correct answeris A.



2. Whatisthe value of

(3z — 2)(4z + 1)
— 8z —2)4z + 1

whenx = 47

A0

B 1

C 10

D 11

E 12
Solution:

Factor 3z — 2 out of the first two terms:

(3¢ — 2)(dz + 1)

— 3z —2)4z + 1
=Bz—2)(4dz+1—4z)+1
=3z — 1.

Atz = 4thisequals3 -4 — 1 =11.

Thus, the correct answeris D.



3. Forhow many positive integersnis n? —3n+2a prime number?

A none
B one
C two

D more than two, but finitely many

E infinitely many

Solution:

Factorn? — 3n + 2 = (n — 1)(n — 2).Forn > 4both factors exceed 1, so the value
iscomposite. Checkingn = 1, 2, 3 gives0,0,and 2. Onlyn = 3yields a prime, so
thereis exactly one suchn.

Thus, the correct answeris B.



1 1 1 1
4. Letn be apositiveintegersuchthat - + - + — + —isaninteger. Which of the

2 3 7 n
following statementsis not true:
A 2 dividesn
B 3 dividesn
C 6 dividesn
D 7 dividesn
E n > 84
Solution:
Si + —|—1—41th —|—1|' trictly bet 0and?2 it t
mce2 3 1 7 —142, esum 2 - ies strictly between (0 and 2, so it mus

equall.Then — = —, givingn = 42.
n 42

Now 2, 3, 6,and 7 alldivide 42, butn > 84 isfalse. The untrue statementisn > 84.

Thus, the correct answerisE.



5. Letv,w,x,y,andzbethe degree measures of the five angles of a pentagon.
Supposer < w < z < y < zandv,w,,y, 2 forman arithmetic sequence. Find the

value of x.
A T2
B 84
c 90
D 108
E 120

Solution:

The five interior angles sum to 540°. Writing the sequenceast — 2d,x — d, z,x + d,
x + 2d,the sumisbxr = 540,sox = 108.

Thus, the correct answeris D.



6. Suppose thata and b are nonzero real numbers, and that the equationz? + ax + b =
0 has solutions a and b. Then the pair (a, b) is

A (=2,1)
B (—1,2)
c  (1,-2)
D (2,-1)
e (4,4)
Solution:

Sincea and bare theroots,
> +ax +b
= (x —a)(x —0)
=z — (a + b)z + ab.

Matching coefficients givesa + b = —a andab = b.

Asb # 0, the second equationgivesa = 1,andthena + b = —agivesb = —2.So
(a,b) = (1,-2).

Thus, the correct answeris C.



7. Theproduct of three consecutive positive integersis 8 times their sum. Whatis the
sum of their squares?

A 50
B 77
c 110
D 149
E 194
Solution:

Lettheintegersben — 1,n,n + 1.Then(n — 1)n(n +1) = 8- 3n,son? — 1 = 24
andn = 5.

The threeintegers 4, 5, 6 have squares summingto 16 + 25 + 36 = 77.

Thus, the correct answeris B.



8. Suppose July of year N has five Mondays. Which of the following must occur five times

in August of year N7 (Note: Both months have 31 days.)

A Monday

B Tuesday

C Wednesday

D Thursday

E Friday
Solution:

SinceJulyhas 31 = 4 - 7 + 3 days, the weekday of July 1 occurs five times, so Monday

fallsonJuly 1, 2, or 3. The days that occur five times in August are those of August 1, 2,
3,and August 1 is three weekdays after July 1.

Testing the three cases, the August weekdays occurring five times are Thursday
through Saturday, Wednesday through Friday, and Tuesday through Thursday.
Thursday appearsinevery case.

Thus, the correct answeris D.



9. Ifa,b,c,dare positive real numbers such thata, b, c, d form anincreasing arithmetic

, a.
sequence anda, b, d form a geometric sequence, then — is

d
1
A —_
12
1
B —_
6
1
C —_
4
5 1
3
1
E —_
2
Solution:

Letb=a+ r,c = a + 2r,d = a + 3r.The geometric conditionb* = ad gives (a +
r)? = a(a + 3r),i.e.r?> = ar,sor = a.

1

Thend = a + 3a = 4a and 2_ —.

d 4

Thus, the correct answeris C.



10. How many different integers can be expressed as the sum of three distinct members
oftheset{1,4,7,10,13,16,19}7

A 13
B 16
c 24
D 30
E 35
Solution:

Every elementis one more than a multiple of 3, so any sum of three of themis a
multiple of 3. The smallestsumis1 +4 + 7 = 12and thelargestis13 + 16 + 19 =
48, and every multiple of 3 between themis attainable.

There are 13 multiples of 3 from 12 to 48.

Thus, the correct answeris A.



1. Thepositiveintegers A, B, A — B,and A + B are all prime numbers. The sum of
these four primesis

A | even

B | divisibleby 3
C | divisibleby 5
D  divisibleby 7

E prime

Solution:

A — Band A + B have the same parity; being prime, both are odd, so A and B have
opposite parity. If A were even, then the prime A would equal 2, but the positive prime
B wouldsatisfy B > 2andmake A — B < 0.Hence Aisoddandthe evenprime Biis
2.

Then A — 2, A, A + 2 are three primes. One is divisible by 3, so that one must equal 3;
the tripleis 3,5, 7. Theirsumtogetherwith2is2 + 3 + 5+ 7 = 17, aprime.

Thus, the correct answerisE.



12. Forhow manyintegersnis

20— n

the square of aninteger?

A1

B 2

c 3

D 4

E 10
Solution:
Set —— k2. Solvi 20k* Sincek?andk? + 1 ime, k2 + 1
e = .o0IvIng, n = .olhce an are coprime,

20 —n 9 K2+ 1 P

must divide 20, which happens only for |[k| = 0,1, 2, 3.
The signs of k do not change n; these given = 0, 10, 16, and 18, whichis four values.

Thus, the correct answeris D.



13. The sum of 18 consecutive positive integersis a perfect square. The smallest possible
value of this sumis

A 169

B 225

c 289

D 361

E 441
Solution:

. 17-18 , ,

Thesumofn,n+1,...,n+ 17is18n + g = 9(2n + 17). Since 9is aperfect

square, 2n + 17 must be one too.

The smallest positive integern making 2n + 17 aperfect squareisn = 4, giving
2n + 17 = 25andasumof 9 - 25 = 225.

Thus, the correct answeris B.



14. Fourdistinct circles are drawnin a plane. What is the maximum number of points where
atleast two of the circlesintersect?

A 8

B 9

c 10

D 12

E 16
Solution:

Each pair of circles meetsin at most 2 points, and there are (;1) = 6 pairs, giving at
most 6 - 2 = 12intersection points.

The boundi is attainable by taking four circles in general position so that every pair
crosses twice and no three pass through the same point.

Thus, the correct answeris D.



15. How many four-digit numbers IV have the property that the three-digit number
obtained by removing the leftmost digit is one ninth of N7

A 4

B 5

cC 6

D 7

E 8
Solution:

Let a be the leading digit and x the three-digit number after removingit,so N =
1000a + x.The condition N = 9x gives 1000a = 8z,i.e.z = 125a.

Fora =1,...,7thismakes x a three-digit number, whilea = 8 givesz = 1000. So
there are 7 such numbers.

Thus, the correct answeris D.



16. Juanrolls a fair regular octahedral die marked with the numbers 1 through 8. Then Amal
rolls a fair six-sided die. What is the probability that the product of the tworollsis a
multiple of 37

A 1
12

1

B —_

3

1

C _

2

7
D —_
12

2

E —_

3
Solution:

The productis a multiple of 3 if and only if at least one die shows 3 or 6. The octahedral

die avoids 3, 6 with probability 3 = 7 and the six-sided die avoids them with

babilit 1_2
robability — = —.
P y6 3

3 2 1
So neither shows a multiple of 3 with probability 13 = 2 andtheansweris1 —
1 1

2 2
Thus, the correct answeris C.



17. Andy’slawn hastwice as much area as Beth’slawn and three times as much area as
Carlos’ lawn. Carlos’ lawn mower cuts half as fast as Beth’s mower and one third as fast
as Andy’s mower. If they all start to mow theirlawns at the same time, who will finish
first?

A Andy
B Beth
C Carlos

D Andy and Carlos tie for first.

E All three tie.

Solution:

A A
Let Andy’s lawn have area A; then Beth’sis 2 and Carlos’is 3 With Carlos’ rate R,
Bethmows at 2R and Andy at 3R.
A 2 A

3R’2R 4R
smallest, so Beth finishes first.

A tively. Beth's ti A isth
= ——respectively. be stime — IS e
3R P y iR

Theirtimes are ,and

I sl

Thus, the correct answeris B.



18. Apoint P israndomly selected from the rectangular region with vertices (0, 0), (2, 0),
(2,1),(0,1). Whatis the probability that P is closer to the origin than it is to the point
(3,1)?

1
A —_
2
5 2
3
c 3
4
4
D —_
5
E 1
Solution:

The points closer to (0, 0) thanto (3, 1) lie on the origin side of the perpendicular
bisector of that segment, theline 3z + y = 5.

5)
Withinthe rectangle, thisregionis a trapezoid whose parallel sides have lengths — (at

4 1/5 4 3
y = 0)and 3 (aty = 1),soitsareais 2 (§ + 5) = §.The rectangle hasarea 2, so

3
the probabilityisi = §
2 4

Thus, the correct answeris C.



19. If a, b, and c are positive real numbers such that a(b + ¢) = 152,b(c 4+ a) = 162, and
c(a +b) = 170, then abcis

A 672
B 688
c 704
D 720
E 750
Solution:

Adding the three equations gives 2(ab + bc + ca) = 484,so0 ab + be + ca = 242.
Subtracting each original equation from this yields bc = 90, ca = 80,andab = 72.

Multiplying, (abc)? = 90 - 80 - 72 = 7202, and since abc > 0, we get abc = 720.

Thus, the correct answeris D.



20. Let AXQOY be aright-angled triangle withmZXQOY = 90°. Let M and N be the
midpoints of legs OX and QY , respectively. Giventhat XN = 19andY M = 22,
find XY.

A 24
B 26
c 28
D 30
E 32
Solution:

LetOM = aand ON = b.Since M, N are midpoints, X N? = (2a)? + b* = 361
andY M? = a® + (2b)% = 484.

Adding, 5(a? + b?) = 845,s0a® + b* = 169.Then MN = /a2 + b2 = 13,and
since MN is the midsegment joining M and N,wehave XY = 2 MN = 26.

Thus, the correct answeris B.



21. Forall positive integers n less than 2002, let

(11, 13 |nand 14 | n;
13, 14| nand 11| n;
14, 11| nand 13| n;

(0, otherwise.

2001
Calculate Z a,.
n=1

A 448

B 486

C 1560

D 2001

E 2002
Solution:

Since 2002 = 11 - 13 - 14 with 11,13, 14 pairwise coprime, a,, = 11when 182 | n,
a, = 13when154 | n,anda,, = 14when143 | n(andnon < 2002 is divisible by all
three).

Forn < 2001 there are 10 multiples of 182, 12 of 154, and 13 of 143. So the sumiis

11-10+13-12+4+14-13
= 110 + 156 + 182
= 448.

Thus, the correct answeris A.



22. Forallintegersn greaterthan 1, define

1

"= log, 2002°

Letb = ay + as + a4 + asandc = a1y + a11 + a2 + a13 + a14. Thenb — cequals

A —2
B —1
- 1
2002
1
D -
1001
1
E —
2
Solution:
1
By change of base, a,, = W = logygga 1- SO
b—rc
1 2:-3-4-5
= 10 .
8200279771 .12.13 - 14
120 1 1

The fraction equals —1.

— ,sob—c=1 =
940240 2002’07 €T 1982002 5009
Thus, the correct answeris B.



23. InAABC,wehave AB = 1and AC = 2. Side BC and the median from A to BC'
have the same length. Whatis BC'?

A 142
2
5 1143
2
c V2
53
2
E 3
Solution:

Let M be the midpoint of BC',set AM = 2a,andletd = LZAMB,so ZAMC =
180° — 6. With BM = CM = a,sothat BC = 2a,the Law of Cosinesin N ABM
and AAMC gives

a’ + 4a® — 4a%cosh =1,

a’® + 4a® + 4a® cos§ = 4.

2
Adding, 10a? = 5,s0a = \/T_ and BC = 2a = /2.

Thus, the correct answeris C.



24. A convex quadrilateral ABC' D with area 2002 contains a point P inits interior such
that PA = 24, PB = 32, PC' = 28,and PD = 45. Find the perimeterof ABCD.

A 44/2002

B 21/8465
C | 2(48+ 1/2002)
D 248633

E 4(36+113)

Solution:

For any quadrilateral, the areais at most % di1da where dy, d2 are the diagonals, with
equality exactly when they are perpendicular. Here

2002 = Area

< $AC-BD
< %(PA + PC)(PB + PD)
- 5277

1
2
= 2002.

Equality forces the diagonals to be perpendicularand to intersect at P. Then

AB = /242 + 322 = 40,
BC = /282 + 322 = 44/113,

CD = /282 + 452 = 53,
DA = /452 + 242 = 51.

The perimeteris 144 + 44/113 =4 (36 + v/ 113) .

Thus, the correct answerisE.



25. Let f(x) = 2% + 6x + 1,and let R denote the set of points (x, ¥) in the coordinate
plane such that

flx)+ f(y) <0

and

f(z) — f(y) <0.

The area of Ris closestto

A 21
B 22
c 23
D 24
E 25
Solution:

Completing the square,

f(z) + f(y)
= (z+3)>+ (y+3)* — 16,

so the first condition is the disk of radius 4 centered at (—3, —3).
Also

f(z) — f(y)
= (z—y)(z +y+6),

so the second condition (z — y)(z + y + 6) < 0describes two half-planes
bounded by the perpendicular lines through (—3, —3) of slopes 1 and —1. These cut
the disk into two equal halves.

Thus Rhas area %7‘(’ - 42 = 81 ~ 25.13, whichis closest to 25.

Thus, the correct answerisE.
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