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1. Makayla attended two meetings during her 9-hour work day. The first meeting took 45
minutes and the second meeting took twice as long. What percent of her work day
was spent attending meetings?

A 15
B 20
c 25
D 30
E 35
Solution:

The two meetings lasted 45 + 90 = 135 minutes, and the work dayis 9 - 60 = 540
minutes.

The fraction of the day spentin meetingsis

135 1
OC _  — 25%.
50 1 2%

Thus, the correct answeris C.



2. AbiglLisformedasshown. Whatisits area?

2

8
2
5
A 22
B 24
cC | 26
D 28
E 30
Solution:

Theregionsplitsintoan 8 x 2verticalrectangle anda?2 x 3 horizontal foot, whose
widthisb — 2 = 3.

The total areais

8:2+3-2=16+6 = 22.

Thus, the correct answeris A.



3. Atickettoaschoolplay costs x dollars, where x is a whole number. A group of 9th
graders buys tickets costing a total of $48, and a group of 10th graders buys tickets
costing a total of $64. How many values for x are possible?

A 1

B 2

c 3

D 4

E 5)
Solution:

The price £ must divide both totals, so x is acommon divisor of 48 and 64.

Since gcd(48,64) = 16,the commondivisorsare 1,2, 4, 8, and 16. There are 5
possible values.

Thus, the correct answerisE.



4. Amonthwith 31 days has the same number of Mondays and Wednesdays. How many
of the seven days of the week could be the first day of this month?

A 2

B 3

c 4

D 5

E 6
Solution:

Since31 =4 - 7 + 3, the first three days of the month each occur five times, and the
other fourdays occur four times.

Mondays and Wednesdays are equal in number exactly when both fallin the five-time
group or both fallin the four-time group.

If the first day is Monday, the five-time days are Mon, Tue, Wed (both appear five
times). If the first day is Thursday or Friday, the five-time days miss both Monday and
Wednesday (both appear four times). Every other starting day includes exactly one of
Monday or Wednesday.

So the first day can be Monday, Thursday, or Friday, giving 3 possibilities.

Thus, the correct answeris B.



5. Lucky Larry’s teacher asked him to substitute numbersfora, b, c,d,and einthe
expression

a—(b—(c—(d+e)))

and evaluate the result. Larry ignored the parentheses but added and subtracted
correctly and obtained the correct result by coincidence. The numbers Larry
substituted fora, b, c,anddwere 1, 2, 3, and 4, respectively. What number did Larry

substitute fore?

A =5

B -3

c 0

D 3

E 5
Solution:

The correctvalueisa — (b — (c— (d+¢€))) =a — b+ c — d — e.Witha, b,c,d =
1,2,3,4,thisequalsl —2+3—-4—e=—-2—e.

Larry dropped the parenthesesandcomputedl —2 -3 —4+e= —8 +e.
Setting—2 — e = —8 4+ egives2e = 6,s0e = 3.

Thus, the correct answeris D.



6. Atthebeginning of the schoolyear, 50% of all students in Mr. Wells’ math class
answered “Yes” to the question “Do you love math”, and 50% answered “No.” At the
end of the schoolyear, 70% answered “Yes” and 30% answered “No.” Altogether, 2%
of the students gave a different answer at the beginning and end of the school year.
What is the difference between the maximum and the minimum possible values of ?

A0

B | 20

c 40

D 60

E &0
Solution:

Assume 100 students. The number of “Yes” answers rises from 50 to 70, so atleast
70 — 50 = 20 students switched from “No” to “Yes”; thus x > 20.

Since only 30 students answer “No” atthe end, atleast 50 — 30 = 20 of the original
“Yes” students stillanswer “Yes,” so at most 80 students switched; thus x < 80.

Both extremes are achievable, so the differenceis 80 — 20 = 60.

Thus, the correct answeris D.



7. Shelby drives herscooter at aspeed of 30 miles per hourif itis not raining, and 20 miles
perhourifitisraining. Today she drove in the suninthe morning andin therainin the
evening, for a total of 16 milesin 40 minutes. How many minutes did she drive in the

rain?
A 18
B 21
c 24
D 27
E 30
Solution:

Lett be the number of minutes drivenin the rain. She covers 20 - % milesin therain
and 30 - % milesin the sun.

Setting the total to 16 gives

20t + 30(40 — ¢t)
60

— 16,

s01200 — 10t = 960 andt = 24.

Thus, the correct answeris C.



8. Everyhighschoolinthe city of Euclid sent ateam of 3 students to a math contest.
Each participantinthe contest received a different score. Andrea’s score was the
median among all students, and hers was the highest score on herteam. Andrea’s
teammates Beth and Carla placed 37th and 64th, respectively. How many schools are

inthe city?
A | 22
B 23
c 24
D 25
E 26

Solution:

Withn schools there are 3n students. Carla placed 64th,so 3n > 64andn > 22.

The scores are distinct and Andrea is the median, so 3nis odd, forcingn oddandn >
23.

3n+1 3n+1
Andrea’s positionis + ,and she beat Beth (37th), so 2+

73andn < 24.Theonly oddvalueisn = 23.

< 37, giving3n <

Thus, the correct answeris B.



9. Letn bethe smallest positive integer such that n is divisible by 20, n? is a perfect
cube, and n? is a perfect square. What is the number of digitsofn?

A3

B 4

cC 5

D 6

E 7
Solution:

To be smallest, n uses only the primes of 20, son = 2% - 5® witha > 2andb > 1.

Sincen? = 2225% s aperfectcube, 3 | aand 3 | b. Sincen?® = 2375% is a perfect
square,2 | aand2 | b.Hence6 | aand6 | b.

The smallest choiceisa = b = 6,son = 2% . 5 = 10% = 1,000,000, whichhas 7
digits.

Thus, the correct answerisE.



10. The average of the numbers 1,2, 3,...,98,99, and zis 100x. Whatis 27

19
101
50
B -
101
1
C —
2
51
D PR
101
50
E -
99
Solution:
-1
The numbers 1 through 99 sumto 9-100 = 4950.
The average conditionis
4950 4 =
e |
100 00z,
s04950 + z = 10000z and 9999z = 4950.
Thus 3 — 4950 50
9999 101

Thus, the correct answeris B.



11. Apalindrome between 1000 and 10,000 is chosen at random. What is the probability
thatitis divisible by 77

A 1
10
1
B —_
9
1
C _
7
1
D —_
6
1
E —_
5
Solution:

A four-digit palindrome has the form abba = 1001a + 110bwith1 < a < 9and0 <
b <09.

Since 1001 = 7 - 11 - 13 isdivisible by 7and 110is not, the numberis divisible by 7
exactlywhen7 | b,thatisb = 0orb = 7.

2
Foreacha, thatis 2 of the 10 choices of b, a probability of 0=5
Thus, the correct answerisE.



12. Forwhat value of £ does

log. /5 vV +logsy
+ logy (332) + logg (x?’)
+ logyg (z*) = 40?

A 8

B 16

c 32

D 256

E 1024
Solution:

Let L = log, z. Converting eachtermto base 2 :

L

5 2L 3L
1og\f2\/5 = % = L,log,x = L,log, 2% = -5 = L,logg z* = 5 = L,and

ALl

i

4

The equationbecomes5L = 40,so0 L = 8andz = 28 = 256.

logs xt =

Thus, the correct answeris D.



13. INnAABC,cos(2A — B) + sin(A + B) = 2and AB = 4. Whatis BC?

A V2

B 3

c 2

D 22

E 2v3
Solution:

A cosine plus a sine equals 2 only when each equals 1. So cos(24 — B) = 1and
sin(A 4+ B) = 1,giving2A — B =0°and A + B = 90°.

Solving, A = 30° and B = 60°,so0 A ABC'is a 30-60-90 right triangle with the right
angleatC.

With hypotenuse AB = 4, the side BC' opposite the 30° angle is half the hypotenuse,
so BC = 2.

Thus, the correct answeris C.



14. Leta, b, c,d,and e be positive integers witha + b + ¢ + d + e = 2010, and let M be
the largest of the sumsa + b,b + ¢,c + d,and d + e. What is the smallest possible
value of M7

A 670
B 671
c 802
D 803
E 804
Solution:

Eachofa + b,d + e,and cisatmost M (notec < ¢ + d < M). Adding, 2010 =
(a+b)+c+ (d+e)<3M,soM > 670.

If M = 670,thenc = 670, butthenb + ¢ > 671 > M, acontradiction. Hence M >
671.

The value 671 isreachedby (a, b, ¢, d, e) = (669, 1,670, 1, 669), whose consecutive-
pairsumsare 670,671,671, 670.

Thus, the correct answeris B.



15. Forhow many ordered triples (, y, z) of nonnegative integers less than 20 are there
exactly two distinct elementsinthe set {i*, (1 +)¥, 2}, wherei = /—17

A 149
B 205
C 215
D 225
E 235
Solution:

We need exactly two of i%, (1 + 7)¥, z equal, with the third different. The three cases
are the three possible equal pairs.

Casei” = (1 +14)¥ :since |i*| = 1but|(1 +)¥| = 2% > 1fory > 1,weneedy =
0,50 (1+14)? =1andi® = 1,i.e.z € {0,4,8,12,16}.Then zisany of the 19 values
otherthan 1. This gives 5 - 19 = 95 triples.

Case1” = z :the only nonnegative-integervalue of ” is 1 (with £ a multiple of 4), so
z =1and (1 + %)Y # 1,meaningy > 1.Thisgives 5 - 19 = 95 triples.

Case (1 + i)Y = z :since (1 + i)? = 2i,the power (1 + i)¥ isanonnegative integer
below 20 only fory = 0(value 1) ory = 8(value 16).Ify = 0, z = 1,weneedi® # 1,
soxisnotamultiple of 4 (15values). Ify = 8, z = 16, thent® isnever 16, so x is free (
20 values). This gives 15 4+ 20 = 35 triples.

Altogether95 + 95 4 35 = 225.

Thus, the correct answeris D.



16. Positive integers a, b, and c are randomly and independently selected with
replacement fromthe set{1,2,3,...,2010}. Whatis the probability that abc +
ab + aisdivisible by 37

1
A —_
3
5 29
81
c 31
81
11
D —_
27
13
E I
27
Solution:

Factorabc + ab + a = a(bc + b + 1). Since 2010is amultiple of 3, eachof a, b, cis
uniform modulo 3.

3 | a(probability %), the product is divisible by 3.

If 3 1 a (probability %), weneed3 | bc + b + 1. Checking residues, this holds exactly

when (b,c) = (1,1) or(2,0) (mod 3),aprobabi|ityof% : % + % : % = %.

The total probability is
13

+

1,4
327 21

W=
+
W N
Nal i V)

Thus, the correct answerisE.



17. The entriesina3 X 3 arrayinclude all the digits from 1 through 9, arranged so that the
entriesin every row and column are inincreasing order. How many such arrays are

there?
A 18
B 24
c 36
D 42
E 60
Solution:

Write a;; for the entry inrow 2, column 7. The conditions force a;; = 1,a33 = 9, and
az € {4,5,6}.

If age = 4,then{ay2, a9} = {2,3}and {5, 6, 7, 8} split as complementary pairs
filling the rest of the last row and column: (;1) = 6 splits times 2 orders for {2, 3} gives
12 arrays. By symmetry asy = 6 also gives 12.

If age = 5,then{a12,a13, ass} and {as1, as1, ass } are complementary subsets of
{2,3,4,6,7,8} subject to the ordering constraints. The first set can be any three-

element subset except {2, 3,4} or {6, 7, 8}, giving (g) — 2 = 18arrays.
Altogether12 + 12 4 18 = 42.

Thus, the correct answeris D.



18. Afrog makes 3 jumps, each exactly 1 meterlong. The directions of the jumps are
chosenindependently and at random. What is the probability that the frog’s final
positionis no more than 1 meter fromits starting position?

A 1

6

1

B —

5

1

C _

4

1

D —_

3

1

E —_

2
Solution:

This is a continuous (geometric) probability. Anchor the second jump from P = (0, 0)
to @ = (1,0), andlet o, B be the directions of the first and third jumps, so the start is
A = (cos a, sin ) andtheendis B = (1 4 cos 3, sin ).

Taking0 < a < mrand0 < B < 2w, therequirement AB < 1holds exactly when
a<p< .

2
Inthe aB-rectangle of area 27r2, the favorable regionis a triangle of area %, sothe

7T2
robabilityis 2. — X
P y o2 47

Thus, the correct answeris C.



19. Ahigh school basketball game between the Raiders and the Wildcats was tied at the
end of the first quarter. The number of points scored by the Raiders in each of the four
quarters formed anincreasing geometric sequence, and the number of points scored
by the Wildcats in each of the four quarters formed anincreasing arithmetic sequence.
At the end of the fourth quarter, the Raiders had won by one point. Neitherteam
scored more than 100 points. What was the total number of points scored by the two
teamsinthe first half?

A 30
B 31
c 32
D 33
E 34
Solution:

2, ar3 (increasing geometric, 7 > 1)and the Wildcats

Let the Raiders score a, ar, ar
a,a + d,a + 2d, a + 3d(increasing arithmetic), tied in the first quarter at a.

3

Writer = ™ inlowest terms, withm > n. Since ar® is aninteger, n? | a;puta = An3.

The Raiders’ totalis
R = A(n® +mn® + m’n +m?).

Sincem?® < R < 100, we havem < 4.The pair (4, 3) already makes the
parenthesized sum 175, so the only possible coprime pairs (m, n) are

(2,1),(3,1),(3,2),(4,1).
The corresponding base values of % are 15,40, 65, 85.For (4,1) and (3, 2), the

boundforces A = 1,but R — 1 = 4a + 6d gives anonintegral d. For (3, 1), it would
give 36 A — 1 = 6d, whichisimpossible modulo 6.

For(m,n) = (2,1),wehave R = 15Aanda = A,s011A — 1 =6d.ThusA =5
(mod 6),and R < 100forces A = 5.Thend = 9, giving Raiders scores 5, 10, 20, 40
and Wildcats scores 5, 14, 23, 32. The Raiders win 75 to 74.

The first-half totalis (5 + 10) + (5 + 14) = 34.



Thus, the correct answerisE.

20. Ageometric sequence (a, ) hasa; = sinx, as = cos x,and ag = tan x for somereal
number z. Forwhat value of ndoesa,, = 1 + cos z?

A 4
B )
cC 6
D 7
E 8
Solution:
The commonratioisr = % =cotxz.Thenay = ag-r =tanxcotx = 1.
1
Fromas = a;7%,wegettanz = sinz cot’ z = Csci)f;,so sin? z = cos® z,i.e.

(cos’z)(1+ cosz) = 1.

9 cos? z cos? x 1 4
Hencel + cosx = ;- Alsor® = —— = ——— = ,S0T* =
) COS* T sin“ Ccos° T COS T
5 = 1+ cosz.
COS* T

Thereforel + cosz = a4 - * = ag,son = 8.

Thus, the correct answerisE.



21. Leta > 0,andlet P(z) be a polynomial with integer coefficients such that

P(1) = P(3) = P(5)

and

What is the smallest possible value of a?

A | 105

B 315

Cc 945

D T

E 8!
Solution:

Since 1, 3,5, 7Tarerootsof P(z) — a,write P(z) —a = (x — 1)(x — 3) -(x —
5)(z — 7)Q(z) with @ having integer coefficients.

Evaluatingatz = 2,4, 6, 8 (where P = —a)gives

—2a = —15Q(2)
—9Q(4)
— ~15Q(6)
— 105 Q(8).

So015,9,and 105 all divide 2a, hencelcm(15,9,105) = 315 divides 2a. Since 315is
odd, 315 | a,soa > 315.



To attain the bound, let

F(z) = (¢ — 1)(z — 3)

(2 —5)(z - 7),
Q(z) =42+ (z — 2)(z — 6)
- (60 — 8z),

P(z) =315+ F(z)Q(x).

This integer polynomial equals 315at 1, 3, 5, 7. At 2, 4, the pairs (F'(x), Q(x)) are
(—15,42),(9,—70),and at 6, 8 they are (—15,42), (105, —6). Thus F'(z)Q(z) =
—630 eachtime and P(xz) = —315. Hence the bound is attainable.

Thus, the correct answeris B.



22. Let ABC'D be acyclic quadrilateral. The side lengths of ABC' D are distinctintegers
lessthan15suchthat BC' - CD = AB - DA.Whatis the largest possible value of
BD?

325

A -
2

B 185

INE
2

425

D _
2

.53
2

Solution:

Leta = AB,b = BC,c = CD,d = DAandk = bc = ad. Writing each triangle’s
areain terms of the circumradius and using [ABC| + [CDA| =[BCD] + [ABD]
gives (ab + cd) - AC = 2k - BD.

Ptolemy’s theorem gives AC' - BD = ac + bd. Eliminating AC,

(ac + bd)(ab + cd)
2k

(@®+0*++d).

BD? =

N[ =

The sides are distinctintegers below 15 with bc = ad, so neither 11 nor 13 can appear
(eachis prime and would need a matching factor on the other side).

If the largest side is at most 12, the four squares sum to at most 122 4 10% + 9% +
82 = 389, because 11 is unavailable.

Now suppose the largest side is 14, and write the others as s; > s3 > s3. The product
condition must pair 14 with s3, so 14s3 = s159. Hence one of s1, sy equals 7.1f s =
7,the sum of squaresis less than 142 4 72 4- 62 4 52 = 306.If s, = 7,thens; =



233, so the largest possibility is (s1, s2, s3) = (12,7, 6). Thus

2BD? = 14% + 122 + 7% + 62
= 425,

425 o , , , o
soBD < R Equality is attained by the cyclic quadrilateral with side order
(a,b,c,d) = (14,12,7,6), forwhichbc = ad = 84.

Thus, the correct answerisD.



23. Monic quadratic polynomials P(x) and Q(x) have the property that P(Q(z)) has
zerosatx = —23,—21,—17,and —15,and Q(P(x)) haszerosatz = —59, —57,
—51, and —49. What is the sum of the minimum values of P(z) and Q(z)?

A —100
B —82
c —173
D —64
E 0
Solution:

If P had only one real root, then P(Q(z)) = 0would have at most two real solutions,
not four. Thus P has two distinct real roots, and the same argument applies to ). Write
P(z) = (z — h1)? — k?and Q(z) = (= — hy)? — k2, with k1, ko > 0and minimum
values —k? and —k2.

The zeros of P(Q(x)) occurwhere Q(x) = hy £ kq;their four solutions are

symmetric about hg, so hy is the average _23_214_17_15 = —19.ThenQ(—15) —

Q(—17)= (16 — k2) — (4 — k%) = 12, and this difference equals 2k;,so k; = 6.
Symmetrically, hy = =99=5T=51-49 — _54 and P(—49) — P(—51) = (25 — k?) —

1
(9 — k?)=16 = 2ks,so ks = 8.
The sum of the minimum valuesis —k? — k3 = —36 — 64 = —100.

Thus, the correct answeris A.



24. The set of real numbers  for which

1 n 1
x—2009 =z — 2010
1
- >
+ x— 2011 — L
is the union of intervals of the forma < x < b. What is the sum of the lengths of these
intervals?
1003
A PR
335
1004
B _
335
c 3
403
D —_—
134
202
E -
67
Solution:

Let f(x) be the left-hand side. On eachinterval between consecutive asymptotes
2009, 2010, 2011, the function f is decreasing,and f < 1forallz < 2009.

Oneach of (2009, 2010), (2010, 2011),and (2011, co), the solutionis the part from
the left asymptote up to avalue z; where f(z;) = 1. So the solution set consists of

three intervals with left endpoints 2009, 2010, 2011 and right endpoints 1, 2, 3.

The totallengthis (z1 — 2009) +(zs — 2010) +(z3 — 2011) = z1 + ©5 + =3 —
6030.

Clearing denominatorsin f(x) = 1 gives

.’133

— (2009 + 2010 + 2011 + 3)z?
+... =0,



whoseroots are 1, T2, 3. By Vieta, z; + 2 + 3 = 6033, so the sum of lengthsiis
6033 — 6030 = 3.

Thus, the correct answeris C.



25. Foreveryintegern > 2, let pow(n) be the largest power of the largest prime that
divides n. Forexample, pow(144) = pow(2* - 3%) = 32. Whatis the largest integer
m such that 2010™ divides

5300
H pow(n)?
n=2

A T4

B 75

cC 76

D 77

E 78

Solution:

Since2010 =2 -3 -5 - 67, write the product as 243B5C67D times afactor coprime
to all four primes; thenm = min(A4, B, C, D).

Prime 2 : pow(n) is apower of 2 only whenn = 2. Since 22 = 4096 < 5300 < 213,
thevaluesk =1,...,12contribute A =142+ .-- + 12 = 78.

Prime 67 : pow(n) = 67when 67is the largest prime factor,i.e.n = 67j with1 <

7 < 79 andevery prime factor of j atmost 67; excludingj = 67,71, 73, 79 leaves 75
values. The one n with pow(n) = 67%isn = 67> < 5300,adding2.So D = 75 +
2="TT.

Prime 3 : Forn = 2%3°withb = 1, 2, 3, 4, the numbers of allowable exponents a are
11,10, 8, 7, respectively. These terms alone contribute
B>11+42-10
+3-8+4-7=283.

Prime 5 : Write n = 223°5%. Forb = 1, the counts overc = 0, ldots, 6total 11 + 9 +
7T+6+4+3+1=41.Forb= 2,thecountstotal8 +7 + 5+ 3 + 2 = 25, each
contributing two factors of 5. Hence C' > 41 + 2 - 25 = 91.



Thereforem = min(78, B, C,77) = 77.

Thus, the correct answerisD.

Problems: https://live.poshenloh.com/past-contests/amc12/2010B




