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1. Whatisthevalueof 2 — (—2)727

A =2
5 1
16
7
C —
4
9
D —
4
E 6
Solution:
1 1 1 7
Since (—2) 72 = =i pweget2 — o=

Thus, the correct answeris C.



2. Marie does three equally time-consuming tasksin arow without taking breaks. She
begins the first task at 1:00 PM and finishes the second task at 2:40 PM. When does
she finish the third task?

A 3:10PM
B 3:30PM
c 4:00PM
D  4:10PM
E 4:30PM
Solution:

The first two tasks together take 100 minutes, so each task takes 50 minutes.
The third task finishes 50 minutes after 2:40 PM, at 3:30 PM.

Thus, the correct answeris B.



3. lIsaac has written down one integer two times and anotherinteger three times. The
sum of the five numbersis 100, and one of the numbers is 28. What is the other

number?
A 8
B 11
c 14
D 15
E 18
Solution:

Write 2z + 3y = 100. If 28 were written twice, then 3y = 100 — 56 = 44, whichis
not a multiple of 3.

So 28iswrittenthree times: 2z = 100 — 84 = 16, givingx = 8.

Thus, the correct answeris A.



4. David, Hikmet, Jack, Marta, Rand, and Todd were ina 12-personrace with 6 other
people. Rand finished 6 places ahead of Hikmet. Marta finished 1 place behind Jack.
David finished 2 places behind Hikmet. Jack finished 2 places behind Todd. Todd
finished 1 place behind Rand. Marta finished in 6th place. Who finished in 8th place?

A  David

B Hikmet

C Jack

D Rand

E Todd
Solution:

Martais 6th, so Jackis 5th. Jackis 2 behind Todd, so Toddis 3rd. Todd is 1 behind Rand,
soRandis 2nd.

Randis 6 ahead of Hikmet, so Hikmetis 8th. (Davidis 10th.)

Thus, the correct answeris B.



5. TheTigersbeatthe Sharks 2 out of the first 3 times they played. They then played N
more times, and the Sharks ended up winning at least 95% of all the games played.
What is the minimum possible value for N'7

A 35

B 37

c 39

D 41

E 43
Solution:
The Sharks won 1 of the first 3 games. To reach 95% with the fewest extra games, they

1+ N

should win all IV additional games, giving a win fraction 1N°
Requiring o > 12 516520 + 20N > 57 4 19N, 50N > 37

equiring 3TN = 20 gives > ,SoN > 37.

Thus, the correct answeris B.



6. Backin 1930, Tillie had to memorize her multiplication facts from0 x 0 through 12 x
12. The multiplication table she was given had rows and columns labeled with the
factors, and the products formed the body of the table. To the nearest hundredth,
what fraction of the numbersin the body of the table are odd?

A 0.21
B 0.25
c 0.46
D 0.50
E 0.75
Solution:

Thebodyhas13 x 13 = 169 entries. Aproductis odd exactly when both factors are
odd.

There are 6 odd numbersamong0, 1, ...,12,giving6 X 6 = 36 odd entries. The
36

fractionis — = 0.213... =~ 0.21.

ractionis 169

Thus, the correct answeris A.



7. Aregular15-gonhas L lines of symmetry, and the smallest positive angle for whichiit
has rotational symmetryis R degrees. Whatis L + R?

A 24
B 27
c 32
D 39
E 54
Solution:

Aregular15-gonhas L = 15lines of symmetry, and its smallest angle of rotational

360
symmetryis R = 15 = 24 degrees.

ThenL + R =15 + 24 = 39.

Thus, the correct answeris D.



1
8. Whatis the value of (6251°g5 2015) 19

A D

B V2015

cC 625

D 2015

E /52005
Solution:

Since 625 = 5% we have

62510g5 2015 _ 54 logs 2015

_ (5log5 2015)4 — 920154,

1
Taking the fourth root gives (20154) * = 2015.

Thus, the correct answeris D.



9. Larryand Julius are playing a game, taking turns throwing a ball at a bottle sittingon a
ledge. Larry throws first. The winner s the first person to knock the bottle off the ledge.

1
At each turn the probability that a player knocks the bottle off the ledge is >

independently of what has happened before. What is the probability that Larry wins
the game?

Ol > >~ wlnn oY w DN | =

Solution:

1
Let x be the probability Larry wins. He wins right away with probability % orboth

1
players miss (probability Z) and the game restarts.

3 N VRV TS SRV
oOr = — — ving —ax = —andxr = —.
g T TNy = 5 3

Thus, the correct answeris C.



10. How many noncongruent integer-sided triangles with positive area and perimeterless
than 15 are neither equilateral, isosceles, norright triangles?

A3

B 4

cC 5

D 6

E 7
Solution:

Let the distinct sidesbea < b < c¢.Sincea + b > ¢, the perimeter exceeds 2¢, so
2c < 1bandc < 6.

The scalene triples with perimeterless than 15 are (6, 5, 3), (6, 5, 2), (6,4, 3),
(5,4,3),(5,4,2),and (4, 3,2). Of these, only (5, 4, 3) is aright triangle, leaving 5.

Thus, the correct answeris C.



1. Theline 12z 4 5y = 60 forms a triangle with the coordinate axes. What is the sum of
the lengths of the altitudes of this triangle?

A 20
5 360
17
107
C -
5
43
D —_
2
281
13
Solution:

The line meets the axes at (5, 0) and (0, 12), so the triangle is right with legs 5 and 12
and hypotenuse 13. Its areais 30.

, , - 2:30 60
Two altitudes are the legs 5 and 12; the altitude to the hypotenuse is 13 = 1—3.The
sumis 17 + @ = @
i 13 13"

Thus, the correct answerisE.



12. Leta, b, and cbe three distinct one-digit numbers. What is the maximum value of the
sum of the roots of the equation (z — a)(z — b) +(z — b)(x — ¢) = 07

A 15
B 15.5
c 16
D 16.5
E 17
Solution:
Factoring gives (z — b) (22 — (a + ¢)) = 0,so theroots are band ot € Theirsumis
a-+tc
b+ 5

Using distinct digits, takeb = 9anda + ¢ = 8 + 7 = 15, giving9 + 7.5 = 16.5.

Thus, the correct answeris D.



13. Quadrilateral ABC D isinscribedinacirclewith ZBAC = 70°, ZADB = 40°,
AD = 4,and BC = 6.Whatis AC?

A 3++/5
B 6
9
C —V2
2\/_
D 8 — /2
E 7
Solution:

Angles BAC and BD(C subtendarc BC,so ZBDC = 70°.Then ZADC =
/ADB+/BDC = 110°.

Since ABC Discyclic, ZABC = 180° — 110° = 70° = LZBAC.Thus AAB(C'is
isosceleswith AC = BC = 6.

Thus, the correct answeris B.



14. Acircle of radius 2is centered at A. An equilateral triangle with side 4 has a vertex at A.
Whatis the difference between the area of the region that lies inside the circle but
outside the triangle and the area of the region that lies inside the triangle but outside

the circle?
A 8 —m
B T+ 2
2
P

V3

E 2 + —
2

Solution:

Let z be the area shared by the circle and triangle. The requested difference is

(circle — z) — (triangle — z2)

= circle — triangle.

3
The circle has area - 22 = 47, and the equilateral triangle has area Vil 42 = 44/3.
The differenceis 4m — 4y/3 = 4(m — v/3).

Thus, the correct answeris D.



15. At Rachelle’s schoolan A counts 4 points, a B3 points, a C 2 points, and aD 1 point. Her
GPA onthe four classes sheis taking is computed as the total sum of points divided by
4. She s certain that she will get As in both Mathematics and Science, and atleasta C

1
in each of English and History. She thinks she has a — chance of gettingan Ain English,

1 1
anda 1 chance of getting aB. InHistory, she has a 1 chance of gettinganA,and a 3

chance of getting a B, independently of what she getsin English. What is the
probability that Rachelle will get a GPA of atleast 3.57

A 11
72
1
B —
6
3
C -
16
11
D -
24
1
E —
2
Solution:
Math and Science give 8 points, so Rachelle needs at least 6 more from English and
1 1 7 1 1 5)
History. ThechanceofaCisl — — — — = —inEnglishandl — - — = = —in
6 4 12 4 3 12
History.

- . . R | 6 .
Working over a denominator of 144 : 8 points has probabllltyg "1 = mﬂpomts
hll 1 1 17 d6'th15—|—11—|—71 43

as=-+--—+-+=-=—:an ointshas= - — 4+ -+ =-+4+—+ - = —.

6 371 1 147°"90P° 6 12 437124 144
The total is 6+17+43 66 11
ST 144 144 24

Thus, the correct answeris D.



16. Aregular hexagon with sides of length 6 has anisosceles triangle attached to each
side. Each of these triangles has two sides of length 8. The isosceles triangles are
folded to make a pyramid with the hexagon as the base of the pyramid. What is the
volume of the pyramid?

A 18
B 162
c 36v21

D 18138
E | 54v21

Solution:
The distance from the hexagon’s center to a vertexis 6. A lateral edge haslength 8, so

the pyramid’s heightis v/82 — 62 = /28 = 24/7.

3 1
The hexagon’s areais g . 62 = 544/3. Thus the volume is 3 544/3 - 2¢/7 =
36+/21.

Thus, the correct answeris C.



1
17. An unfair coinlands on heads with a probability of 1 When tossed n times, the

probability of exactly two heads is the same as the probability of exactly three heads.
Whatis the value of n?

A 5
B 8
C 10
D 11
E 13
Solution:
Setting the two probabilities equal and cancelling the common powers of }1 and %
ves ()3 = () 3
gives (, R AVE
—1 —1 -2 3 -2
This becomes M - 3= n(n g(n ),so 3= n ,givingn —2 =9

andn = 11.

Thus, the correct answeris D.



18. For every composite positive integer n, define r(n) to be the sum of the factorsin the
prime factorization of n. For example, (50) = 12 because the prime factorization of
50is2 - 52,and 2 + 5 + 5 = 12. Whatis the range of the functionr, {r(n) : nis a
composite positive integer}?

A the set of positive integers

B the set of composite positive integers

C the set of even positive integers

D the set of integers greaterthan 3

E the set of integers greaterthan4
Solution:

A composite number has at least two prime factors (with multiplicity), and the smallest
primeis 2, so the least possible valueis 2 + 2 = 4.

Every integer greater than 3 is attained: r(2k) = 2k covers the evenvalues > 4, and
r(2k - 3) = 2k + 3 coversthe oddvalues > 5. So the range is the integers greater

than 3.

Thus, the correct answeris D.



19. nANABC, ZC = 90°and AB = 12.Squares ABXY and ACW Z are constructed
outside of the triangle. The points X, Y, Z,and W lie onacircle. What s the

perimeter of the triangle?

A 124943

B 184643

c  12+12¢2

D 30

E 32
Solution:

The center O of the circle lies on the perpendicular bisectors of XY and ZW, which
are the same as those of AB and AC. So O is the circumcenter of A ABC', and since
ZC = 90°, Oisthe midpointof AB.

Leta = 3 BCandb = §CA.Thena® + b* = 62, and computing O.X? = OW? gives
122 + 62 = b? + (a + 2b)2. Because the left sideis 5(a? + b?), subtracting gives
4a(b — a) = 0.Thusa = b,and 2a® = 36 givesa = b = 3+/2. Therefore BC' =

CA = 6+/2, and the perimeteris 12 + 124/2.

Thus, the correct answeris C.



20. For every positive integer n, let mods (1) be the remainder obtained when n is
divided by 5. Define afunction f : {0,1,2,3,...} x{0,1,2,3,4} — {0,1,2,3,4}
recursively as follows:

mods (5 + 1) ifi = 0and0 < j < 4,
f@, 5 = f@—1,1) ifi > landj = 0, and
fG—1,f@G,4—1) ifi >1landl < j < 4.

Whatis f(2015,2)?

A0

B 1

c 2

D 3

E 4
Solution:

Applying the recursion from left to rightin each row gives

N\jlo 1 2 3 4
01 2 3 40
1|2 3 40 1
2 (3 0 2 41
3103 410
41313 1 3
511 1 1 1 1

If arow consists entirely of 1s, the recursion makes the next row entirely 1s as well.
Hence, byinduction, f(i,2) = 1foreveryi > 5.

Since 2015 > 5,we get £(2015,2) = 1.

Thus, the correct answeris B.



21. Cozy the Cat and Dash the Dog are going up a staircase with a certain number of
steps. However, instead of walking up the steps one at a time, both Cozy and Dash
jump. Cozy goes two steps up with each jump (though if necessary, he will just jump
the last step). Dash goes five steps up with each jump (though if necessary, he will just
jump the last stepsif there are fewer than 5 steps left). Suppose that Dash takes 19
fewerjumps than Cozy to reach the top of the staircase. Let s denote the sum of all
possible numbers of steps this staircase can have. What is the sum of the digits of s?

A9

B 11

C 12

D 13

E 15
Solution:

A staircase of t steps takes Cozy [ﬂ jumps and Dash [ﬂ jumps, and we need the
difference to equal 19.

Suppose Dash makesd + 1jumps. Thentisone of 5d + 1,5d + 2,5d + 3, 5d + 4,
5d + 5. Cozy makes d + 20jumps, sotis either 2d + 39 or 2d + 40. Equating these
two lists gives aninteger d only in the three cases

5d + 3 = 2d + 39,
5d + 1 = 2d + 40,
5d + 4 = 2d -+ 40.

These yieldrespectivelyt = 63, 66, 64. Thus the valid values aret = 63,64, and 66,
sos =63+ 64 4+ 66 = 193. Itsdigitsumis1 +9 + 3 = 13.

Thus, the correct answeris D.



22. Six chairs are evenly spaced around a circular table. One personis seatedin each
chair. Each person gets up and sits downin a chair that is not the same chairandis not
adjacent to the chairhe or she originally occupied, so that again one personis seated
in each chair. Inhow many ways can this be done?

A 14
B 16
c 18
D 20
E 24
Solution:

Firstimagine everyone moves to the chair directly opposite. The condition becomes:
each person must sitin the same chairoran adjacent one. The number of people who
keep their seat must be even (otherwise an odd-length gap cannot be filled).

If 0 keep their seat, everyone shifts left, shifts right, or swaps with a neighbor: 4 ways. If
2 keep their seats, those two must be opposite or adjacent, giving3 + 6 = 9 choices,
and the remaining people are forced to swap in adjacent pairs. If 4 keep their seats,
the other two must occupy adjacent seats and swap, giving 6 choices. If all 6 stay,
thereis1way. Thetotalis4 + 9+ 6 + 1 = 20.

Thus, the correct answeris D.



23. Arectangularboxmeasuresa x b X c¢,wherea, b,andcareintegersand1 < a <
b < c.The volume and the surface area of the box are numerically equal. How many
orderedtriples (a, b, ¢) are possible?

A 4

B 10

C 12

D 21

E 26
Solution:

Numerically equal volume and surface areameans abc = 2(ab + bc + ca). Dividing
by abcgives1 = % + % + % < g,soa < 6.Thecasesa = landa = 2giveno
positive solutions. Fora # 2, set

u = (a—2)b—2a,
v=(a—2)c—2a.

The equation then factors as uv = 4a>.

Fora = 3, (b — 6)(c — 6) = 36 gives (b, c) = (7,42), (8, 24), (9, 18), (10, 15),
(12,12).Fora =4, (b —4)(c — 4) = 16 gives (5, 20), (6, 12), (8,8).Fora = 5, the
congruence of the two factors modulo 3 leaves only the valid pair (b, ¢) = (5, 10),
andfora = 6,(b— 3)(c — 3) = 9leavesonly (b,c) = (6,6).Thusthereare5 + 3 +
1+ 1 = 10triples.

Thus, the correct answeris B.



24. Four circles, no two of which are congruent, have centersat A, B, C,and D, and

points P and @ lie on all four circles. The radius of circle A is 3 times the radius of

circle B, and theradius of circle C'is 3 times the radius of circle D. Furthermore,

AB = CD = 39and PQ = 48. Let R be the midpoint of PQ. Whatis AR + BR +
CR + DR?

A 180
B 184
c 188
D 192
E 196
Solution:

Since every centeris equidistant from P and @, all four centers and R lie onthe
perpendicular bisector of PQ), with PR = 24. First consider two centers whose radii
areintheratio 5:8 and whose distance apart is 39. If R lies betweenthem,lety = AR
andz =  of circle A'sradius. Theny® + 24% = 25z° and (39 — ) + 24° = 64x°.
Subtracting gives 2 = 39 — 2y,s0y? + 50y — 399 = Oandy = 7.Herex = 5, s0
the two center distances from R are 7 and 32, and the radii are 25 and 40.

If instead the two centers lie on the same side of R, their distances are w and w + 39.
The analogous equations give w? — 50w — 399 = 0,hencew = 57, and the
distances are 57 and 96. In this case the radii are 54/153 and 84/153. Using the same
placement for both pairs (4, B) and (C, D) would give two congruent circles of
eachradius, contrary to the hypothesis. Thus one pair uses each placement. Their
distancesumsare 7 4+ 32 = 39and 57 + 96 = 153, so therequested totalis 39 +
153 = 192.

Thus, the correct answeris D.



25. Abee starts flying from point F. She flies 1 inch due east to point P;. Forj > 1, once
the bee reaches point P;, she turns 30° counterclockwise and then flies 7 + 1inches
straight to point P;; 1. When the bee reaches Pyg15 she is exactly av/b + cv/dinches
away from Py, where a, b, ¢, and d are positive integers and b and d are not divisible by
the square of any prime. Whatisa + b + ¢ + d?

A 2016
B 2024
C 2032
D 2040
E 2048
Solution:
Place Py = Oandletz = e%i,so each step of length k in direction 2* ! gives Psg15 =
z():115 k2*~1. Summing this (a differentiated geometric series) leads to
1
Py = ———
2015 z—1)
- (2015227 — 201627°' + 1).
2016
Since 212 = 1, we have 22016 = 1and 221 = %,so Pyy15 = ﬁ Using |z —
z(z —
3-1)2 2016
1?=2—-43= (\/_T) and |z| = 1,thedistanceis 1] — 1008+/6 +
Z —_
1008+/2.

Hencea +b+c+d=1008 + 6 + 1008 +2 = 2024.

Thus, the correct answeris B.
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